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Abstract

Let L and L′ be two integral Euclidean lattices in the same genus.
We give an asymptotic formula for the number of Kneser p-neighbors
of L which are isometric to L′, when the prime p goes to infinity. In
the case L is unimodular, and if we fix furthermore a subgroup A ⊂ L,
we also give an asymptotic formula for the number of p-neighbors of
L containing A and which are isomorphic to L′. These statements
explain numerical observations in [BV01], [Che20] and [AC20].

In an Appendix, O. Taïbi shows how to deduce from Arthur’s re-
sults the existence of global parameters associated to automorphic rep-
resentations of definite orthogonal groups over the rationals.
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1. Introduction

1.1. The Minkowski-Siegel-Smith measure on a genus of integral lattices

Consider the standard Euclidean space Rn, with inner product x.y =
∑

i xiyi.
Recall that a lattice L ⊂ Rn is called integral if we have x.y ∈ Z for all
x, y ∈ L. Such a lattice has a genus Gen(L), which is the set of all integral
lattices L′ in Rn such that for all primes p the symmetric bilinear spaces
L ⊗ Zp and L′ ⊗ Zp, over the ring Zp of p-adic integers, are isometric. The
Euclidean orthogonal group O(Rn) naturally acts on Gen(L) with finitely
many orbits, and we denote by

(1.1) X(L) = O(Rn)\Gen(L)

the set of isometry classes of lattices in Gen(L).
Consider now the set Rn of all lattices in Rn; this is a homogeneous space
under GLn(R) with discrete stabilizers, so that Rn is a locally compact topo-
logical space in a natural way. For any L in Rn, the orbit map O(Rn) →
Rn, g 7→ g(L), is a topological covering with |O(L)|-sheets onto its image,
where O(L) = {g ∈ O(Rn) | g(L) = L} denotes the isometry group of the
lattice L, a compact discrete, hence finite, group. Equip O(Rn) with its vol-
ume 1 Haar measure. The orbit, or isometry class, of L is thus endowed with
an O(Rn)-invariant measure m with total measure

m(O(Rn).L) =
1

|O(L)|
.

The rational number 1
|O(L)| will be called the mass of L. Assuming now L

is integral, and writing Gen(L) as a finite disjoint union of O(Rn)-orbits,
the construction above furnishes an O(Rn)-invariant measure m on Gen(L),
called the Minkowski-Siegel-Smith measure. A less artificial construction of
the same measure can be obtained using a Haar measure on the adelic or-
thogonal group G scheme of L and the natural identification Gen(L)

∼→
G(Q)\G(A)/

∏
pG(Zp), with A the adèle ring of Q. The mass formula,

whose origin goes back to Smith, Minkowski and Siegel, gives a close and
computable formula for the rational number m(Gen(L)). A concrete (tauto-
logical) manifestation of these concepts is summarized in the following:

Fact 1.2. In a genus G of integral Euclidean lattices, the probability of a
random lattice to be isomorphic to L is 1/|O(L)|

m(G)
.
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1.3. Kneser neighbors and their statistics

Our first result will be a second manifestation of Fact 1.2 in the setting of
Kneser neighbors, that we first briefly review (see Sect. 4). We still assume
that L is an integral Euclidean lattice, and choose a prime p not dividing
detL. An integral lattice N ⊂ Rn is called a p-neighbor of L if L ∩ N has
index p both in L and in N . In this case, L is a p-neighbor of N as well. This
notion was introduced by Kneser originally in the case p = 2. As we will
eventually let p go to infinity, it will be harmless to rather assume p is odd
from now on. In this case1 any p-neighbor of L belongs to Gen(L). We denote
by Np(L) the set of p-neighbors of L. They are all easily described in terms
of the set CL(Z/p) of isotropic Z/p-lines of the non-degenerate symmetric
bilinear space L⊗ Z/p over Z/p (a finite quadric). Indeed, the line map

(1.2) ` : Np(L) −→ CL(Z/p), N 7→ (pN + pL)/pL.

is bijective, and the latticeN can be recovered from the isotropic line l = `(N)
by the following well-known construction. For l in CL(Z/p), set Mp(L; l) =
{v ∈ L | v.l ≡ 0 mod p} and choose x ∈ L with x.x ≡ 0 mod p2 whose image
in L⊗ Z/p generates l. Such an x always exists, and the lattice

(1.3) Mp(L; l) + Z
x

p

does not depend on its choice: it is the unique p-neighbor N of L with
`(N) = l, or equivalently, with N ∩ L = Mp(L; l).
Since works of Kneser, Formula (1.3) has been widely used as one of the main
tools for constructing large quantities of new lattices in a fixed genus, from
given ones and some primes. The cardinality of CL(Z/p) is easily computed:
if (a

p
) denotes the Legendre symbol of a modulo p, we have for n ≥ 2

(1.4) |CL(Z/p)| =

{
1 + p + · · ·+ pn−2 if n is odd,

1 + p + · · ·+ pn−2 + ( (−1)n/2 detL
p )pn/2−1 if n is even,

This cardinality only depends on n and detL, and for n > 2 we have

(1.5) |CL(Z/p)| ∼ pn−2, for p→∞.

An interesting question is to understand how many p-neighbors of a given
L lie in a given isometry class. A first striking result in this direction, proved

1Indeed, for any such p-neighbor N of L, we have N [1/p] = L[1/p], and N⊗Zp ' L⊗Zp

by Lemma 4.1.
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by Kneser as a consequence of his strong approximation theorem, and origi-
nally applied by him to the case p = 2 and the genera of unimodular lattices,
is the following. Assume to simplify we have n > 2 and that G = Gen(L)
is a single spinor genus in the sense of Eichler (this is the most common
situation). Consider the graph Kp(G) with set of vertices X(L) and with an
arrow between x and y if x has a p-neighbor isometric to y. Then Kp(G) is
connected for any prime p not dividing detL. This theoretical result had de-
cisive consequences for the classification of integral lattices of low dimension
or determinant, such as unimodular lattices (see e.g. [Sch09] for a survey of
such results).
Another striking result, due to Hsia and Jöchner [HJ97], say still under the
assumption n > 2 and that G is a single spinor genus, asserts that for any L′
in Gen(L) there are infinitely many primes p such that L′ is isomorphic to a
p-neighbor of L. (Their precise result is a bit more restrictive: see Corollary
4.1 loc. cit.) Our first main result is a more precise, quantitative, version of
this result by Hsia and Jöchner.

Theorem A. Let L be an integral lattice in Rn with n > 2. Assume G =
Gen(L) is a single spinor genus, choose L′ in G and denote by Np(L,L

′) the
number of p-neighbors of L isometric to L′. Then for p→∞ we have

(1.6)
Np(L,L

′)

|CL(Z/p)|
=

1/|O(L′)|
m(G)

+ O(
1
√
p

),

and we can even replace the 1√
p
above by 1

p
in the case n > 4.

In other words, for L,L′ in a same genus G, and when the prime p grows,
the probability for a p-neighbor of L to be isometric to L′ is proportional to
the mass of L′. In particular, this probability does not depend on the choice
of L in G.
The most general version of Theorem A that we prove actually applies to
arbitrary genera, and even to genera of lattices equipped with level structures:
see Theorem 5.9. For instance, if we do not assume that G = Gen(L) is a
single spinor genus, then the same theorem holds with m(G) replaced by the
common mass of the spinor genera G′ in Gen(L), assuming we restrict in the
asymptotics to primes p belonging to a certain explicit union of arithmetic
progressions (with Dirichlet density m(G′)

m(G)
): see Remark 5.11. In the case

n = 2, and for p - 2 detL, then L has either 0 or 2 p-neighbors, whose proper
isometry classes are easily described using the theory of binary forms and
class field theory: we won’t say more about this fairly classical case. The
case n = 1 is irrelevant: we have Gen(L) = {L} and L has no p-neighbor.
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1.4. Remarks and proofs

As far as we know, Theorem A was only known before in the case n = 3,
and proved by Schulze-Pillot [SP83, Corollary p. 120]. Our own inspiration
comes from our work with Lannes [CL19], in which we gave an exact formula
for Np(L,L

′) in the special case L and L′ are even unimodular lattices of rank
≤ 24. The asymptotics (1.6) easily followed: see Scholium 10.2.3 loc. cit.
Although it is unreasonable to ask for general exact formulas for Np(L,L

′)
in the case of arbitrary genera, it was quite natural to expect that For-
mula (1.6) should hold in general. Indeed, after some elementary reductions,
this formula is equivalent to a spectral gap property for the Hecke operator
of Kneser p-neighbors acting on the space of all (automorphic!) functions
X(L) → C. It is thus related to the generalized Ramanujan conjecture for
automorphic representations of orthogonal groups, in a way reminiscent of
the classical constructions of Ramanujan graphs by Lubotzky-Phillips-Sarnak
[LPS88], Margulis [Mar88] or Mestre-Oesterlé [Mes86] (isogeny graphs of
supersingular elliptic curves). In the context above, the dominant eigenvalues
correspond to spinor characters; we review them in Sect. 3 in the generality
needed for the application to Theorem B below.
As explained in §6, and quite naturally, the aforementioned spectral gap
is a simple consequence of Arthur’s endoscopic classification of automorphic
representations of classical groups [Art13] combined with estimates toward
the generalized Ramanujan conjecture for general linear groups. In the end,
the Jacquet-Shalika estimates for GLm (any m) turn out to be enough, and
we only need the full Ramanujan conjecture for GL1 (easy) and for classical
holomorphic modular forms of weight 2 for GL2 (Eichler, Shimura, Weil).
The basic results we need about Arthur’s theory for the orthogonal group
of positive definite rational quadratic forms were actually missing form the
literature. In an appendix by Taïbi, he explains how to deduce them from
the results of Arthur [Art13], using similar arguments as in [Taï19].
Following a suggestion of Aurel Page, we also give in §6 a second proof for the
above spectral gap, in the case n ≥ 5, which does not use Arthur’s theory but
instead the (purely local) uniform estimates for matrix coefficients of unitary
representations given by Oh in [Oh02], in the spirit of the work of Clozel,
Oh and Ullmo [COU01] on equidistribution of Hecke orbits. This second
method, although less intuitive to us, is much less demanding in theory and
leads to the same asymptotics. On the other hand, the first method makes it
clear that the given asymptotics are optimal, and paves the way for the study
of finer asymptotic expansions: we thus decided to give both arguments. For
the sake of completeness, we also provide an alternative proof in the cases
n = 3, 4 relying on the Jacquet-Langlands correspondence; for n = 4 we even
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show that we may replace 1√
p
by 1

p
in the asymptotics provided detL is not

a square (see Corollary 6.7).
As already said, the given asymptotics cannot be improved in general. For
instance, if L and L′ are Niemeier lattices with respective number of roots
24h and 24h′, and if G24 denotes the genus of all Niemeier lattices, we have

(1.7)
Np(L,L

′)

|CL(Z/p)|
=

1/|O(L′)|
m(G24)

( 1 +
37092156523

34673184000
(h−2730

691
)(h′−2730

691
)

1

p
) + O(

1

p2
)

by [CL19, p. 317]. As explained loc. cit. the coefficient of 1/p in (1.7) may
be explained by studying the theta series of Niemeier lattices and a certain
related eigenfunction on O(R24)\G24 determined by Nebe and Venkov. This is
a general phenomenon that could certainly be studied and developed further
using higher genus theta series as in [CL19], but that we do not pursue here.
Incidentally, we see in (1.7) that the coefficient of 1/p can be positive or
negative. In other examples, this coefficient can vanish as well.

1.5. Biased statistics for unimodular lattices

Theorem A may be applied to the genera of odd or even unimodular lat-
tices. In this case, it provides a theoretical explanation for some numerical
observations in former work by Bacher and Venkov [BV01] in which they
classified the isometry classes of odd unimodular lattices with no roots in
dimensions n = 27 and 28 (see also [Bac97]). Indeed, they gave representa-
tives for each of them as a cyclic d-neighbor of the standard lattice Zn, and
Theorem A typically explains why lattices with bigger isometry groups ap-
pear later, i.e. for higher d, in their enumeration. In our forthcoming works
[Che20, AC20], we pursue these ideas and classify the isometry classes of all
unimodular lattices of rank 26, 27 and 28. In order to discover some unimod-
ular lattices with very small mass, we were forced to biase the statistics in
Theorem A, by restricting to neighbors of Zn containing some fixed sublat-
tice of rank < n. Actually, our main motivation for writing this paper was to
provide a mathematical justification of our experimental observations there,
and to precisely compute the resulting biased probabilities: this will be the
content of Theorem B below.
So we now fix an integral unimodular lattice L ⊂ Rn, as well as a saturated
subgroup A ⊂ L (see §7). To make statements as simple as possible in this
introduction, we also assume L is even. For p a prime, we are interested
in the set NA

p (L) of p-neighbors N of L with A ⊂ N . It is easily seen
that for p - detA, the line map identifies NA

p (L) with CA⊥(Z/p), where A⊥
denotes the orthogonal of A in L (see Lemma 7.9). For L′ another unimodular
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integral lattice in Rn, we are interested in the number NA
p (L,L′) of elements

N ∈ NA
p (L) which are isometric to L′.

For any integral lattice U , we denote by emb(A,U) the set of isometric
embeddings e : A ↪→ U such that e(A) is a saturated subgroup of U . This
is a finite set, whose cardinality only depends on the isomorphism class of
U . We set meven

n (A) =
∑

U |emb(U,A)|/|O(U)|, the sum being over the
isomorphism classes of rank n even unimodular lattices U . We denote by
g(G) the minimal number of generators of the finite abelian group G, and
set resA = A]/A (see §2 (ii)). We always have rankA + g (resA) ≤ n.

Theorem B. Let L be an even unimodular lattice of rank n and A a saturated
subgroup of L. Assume rankA + g(resA) < n− 1. Then

(1.8)
NA
p (L,L′)

|CA⊥(Z/p)|
=
|emb(A,L′)|/|O(L′)|

meven
n (A)

+ O(
1
√
p

) for p→∞,

and we can even replace the 1√
p
above by 1

p
in the case rankA ≤ n− 5.

Note that neither |CA⊥(Z/p)|, nor the right-hand side of (1.8), depend on
the choice of L containing A. We refer to Theorem 7.10 for a more general
statement, which applies to odd unimodular lattices as well. Our proof is
a combination of Theorem 5.9 applied to the inertial genus of the lattice
A⊥, and of the classical glueing method. Results of Nikulin [Nik79], namely
the fact that the discriminant bilinear form of an Euclidean integral lattice
determines its genus, as well as properties of the isometry groups of p-adic
lattices, play a decisive role as well in the argument: see Sect. 7.
We end this introduction by a simple illustration of Theorem B to the
genus G16 of even unimodular lattices in R16. As is well-known, it has two
isometry classes, namely that of the lattices L1 = E16 and L2 = E8 ⊕ E8,
with respective root systems of type D16 and E8

∐
E8. As an example,

assume that A is a root lattice with irreducible root system R and having a
saturated embedding in both L1 and L2: the possible R are listed in the table
below. The quantities |emb(A,Li)| easily follow from Table 4 in [Kin03]. 2

Theorem B applies, since we have g(resA) ≤ 2 in all cases, and shows, for
L ∈ G16 and p→∞,

(1.9)
NA
p (L,E8 ⊕ E8)

|CA⊥(Z/p)|
= µ(R) + O(

1

p
),

2Note that the embeddings of A7 in E8 with orthogonal A1 do not have a saturated
image.
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where the constant µ(R) is given by the table below. The third column fits
the fact that L1 and L2 have the same Siegel theta series of genus 1, 2 and 3
(Witt, Igusa, Kneser). Several other examples will be discussed in [Che20].

R ∅ Ar (r ≤ 3) A4 D4 A5 D5 A6 D6 A7 D7

µ(R) 286/691 286/691 22/67 22/31 2/11 22/31 1/16 2/5 1/136 2/17

Acknowledgements: We are grateful to Olivier Taïbi for several useful
discussions and for writing the appendix to this paper. We are also grateful
to Aurel Page for his remarks about the first version of this paper and for
pointing out to us the work [Oh02]. We thank the referee for his remarks.

2. General notations and conventions

In this paper, group actions will be on the left. We denote by |X| the
cardinality of the set X. For n ≥ 1 an integer, we denote by Z/n the cyclic
group Z/nZ and by Sn the symmetric group on {1, . . . , n}. If V if a finite
dimensional vector-space over a field K, and if A is a subring of K, an A-
lattice in V is an A-submodule L ⊂ V generated by a basis of V .

(i) (Euclidean lattices) If V is an Euclidean space, we denote by x·y its inner
product. A lattice in V is a Z-lattice, or equivalently, a discrete subgroup L
with finite covolume, denoted covolL. Its dual lattice is the lattice L] defined
as {v ∈ V | v ·x ∈ Z, ∀x ∈ L}. The lattice L is integral if we have L.L ⊂ Z,
i.e. L ⊂ L]. An integral lattice is called even if we have x · x ∈ 2Z for all
x ∈ L, and odd otherwise. The orthogonal group of L is the finite group
O(L) = {γ ∈ O(V ), γ(L) = L}.

(ii) (Residue) Assume L is an integral lattice in the Euclidean space V . The
finite abelian group resL := L]/L, called the discriminant group in [Nik79]
or the glue group in [CS99], is equipped with a non-degenerate Q/Z-valued
symmetric bilinear form b(x, y) = x.y mod Z. When L is even, there is also
a natural quadratic form q : resL→ Q/Z defined by q(x) ≡ x.x

2
mod Z, and

which satisfies q(x+ y) = q(x) + q(y) + b(x, y) for all x, y ∈ resL. We have
(covolL)2 = |resL|. This integer is also the determinant detL of the Gram
matrix Gram(e) = (ei · ej)1≤i,j≤n of any Z-basis e = (e1, . . . , en) of L.
(iii) (Unimodular overlattices) Fix L ⊂ V as in (ii). A subgroup I ⊂ resL
is called isotropic, if we have b(x, y) = 0 for all x, y ∈ I, and a Lagrangian
if we have furthermore |I|2 = |resL|. The map M 7→ M/L is a bijection

8



between the set of integral lattices containing L and the set of isotropic
subgroups of resL. In this bijection, M/L is a Lagrangian if and only if M
is unimodular. In the case L even, M is even if and only if I := M/L is a
quadratic Lagrangian, that is satisfies q(I) = 0.
(iv) (Localization) Most considerations in (i), (ii) and (iii) have a local ana-
logue, in which V is replaced by a non-degenerate quadratic space Vp (see
below) over the field Qp of p-adic numbers, and Lp is a Zp-lattice in Vp.
Then L]p = {v ∈ Lp | v.Lp ⊂ Zp} is a Zp-lattice, and when Lp is integral,
i.e. Lp ⊂ L]p, we define resLp = L]p/Lp as above. This is a finite abelian
p-group equipped with a natural non-degenerate Qp/Zp-valued symmetric
bilinear form bp. In the case p = 2 and q(L2) ⊂ Z2 (i.e. L2 is even), resL2

also has a natural Q2/Z2-valued quadratic form q2 inducing b2. We denote
by O(resLp) the automorphism group of the bilinear space (resLp, bp), and
set I(Lp) := {γ ∈ O(Lp) | res γ = 1}. We have a natural exact sequence

(2.1) 1 −→ I(Lp) −→ O(Lp)
res−→ O(resLp).

Assume now Vp = L ⊗ Qp for some integral Euclidean lattice L, and Lp =
L⊗ Zp. The natural isomorphism Q/Z ' ⊕pQp/Zp allows to identify resLp
canonically with the p-Sylow subgroup of resL, and (resL, b) with the or-
thogonal direct sum of the (resLp, bp) : see e.g. §1.7 in [Nik79] for more
about these classical constructions.
(v) (Quadratic spaces) A quadratic space over a commutative ring k is a free
k-module V of finite rank equipped with a quadratic form, always denoted
by q : V → k. We often denote by x.y = q(x+y)−q(x)−q(y) the associated
symmetric k-bilinear form on V , and say that V is non-degenerate if this form
is (so dimV is even if k has characteristic 2). We denote by detV the class in
k/k×,2 of the determinant of any Gram matrix of V ; so V is non-degenerate
if and only if detV ⊂ k×.
(vi) (Orthogonal and Spin groups) We denote respectively by O(V ), SO(V )
and Spin(V ) the orthogonal group, the special orthogonal group and the
spin group of the quadratic space V . Recall that we have O(V ) = {g ∈
GL(V ) | q ◦ g = q}, and unless dimV is even and 2 is a zero divisor in
k, a case that can mostly be ignored in this paper, the group SO(V ) is
defined as the kernel of the determinant morphism det : O(V )→ µ2(k), with
µ2(k) = {λ ∈ k× | λ2 = 1} (see [Knu91, §5] or [CL19, §2.1]). By the Clifford
algebra construction, we have a natural morphism µ : Spin(V ) → SO(V ),
and assuming V is non-degenerate, a spinor norm morphism sn : O(V ) →
k×/k×,2, such that the sequence

(2.2) 1 −→ µ2(k)→ Spin(V )
µ−→ SO(V )

sn−→ k×/k×,2
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is exact (see [Knu91, Thm. 6.2.6]). Recall that if s ∈ O(V ) denotes the
orthogonal symmetry about an element v ∈ V with q(v) ∈ k×, we have
sn(s) ≡ q(v) mod k×,2. It follows that sn is surjective when q(V ) = k, e.g.
when V contains a hyperbolic plane, or when k is a field and V is isotropic.
(vii) (Algebraic groups) For any quadratic space V over k and any ring
morphism k → k′, we have a natural quadratic space V ⊗ k′ obtained by
scalar extension. The groups O(V ), SO(V ) and Spin(V ) are then the k-
rational points of natural linear algebraic groups schemes over k that we
denote by OV , SOV and SpinV . Also, the morphisms µ, det and sn are
functorial in k whenever defined (in particular µ and det are group scheme
morphisms).

3. Review and preliminaries on spinor characters

If V is a quadratic space over Q, we denote by V∞ the real quadratic space
V ⊗ R, and for any prime p, we denote by Vp the quadratic space V ⊗ Qp

over the field Qp of p-adic integers.

Lemma 3.1. Assume V is a non-degenerate quadratic space over k with
k = Qp or k = Q, and dimV ≥ 3. Then the spinor norm morphism sn in
(2.2) is surjective, unless we have k = Q and V∞ is anisotropic, in which
case its image is Q>0/Q×,2.

Proof. See e.g. the statements 91:6 and 101:8 in [O’M73]. �

Lemma 3.2. Assume V is a non-degenerate quadratic space over Qp with
dimV ≥ 3. The morphism sn×det : O(V ) −→ Q×p /Q×,2p ×{±1} is surjective
with kernel µ(Spin(V )). When V is isotropic, this kernel is furthermore the
commutator subgroup of O(V ).

Proof. The first assertion is a trivial consequence of Lemma 3.1 and of the
exactness of (2.2). The last assertion follows from [O’M73] §55:6a. �

Let now V be a quadratic space over Qp (see §2) and L ⊂ V a Zp-lattice
with q(L) ⊂ Zp. Of course, for p odd this last condition is equivalent to
x.y ∈ Zp for all x, y ∈ L, and for p = 2 it means x.x ∈ 2Z2 for all x ∈ L
(L is even). We may then view (L, q|L) as a quadratic space over Zp. We
say that L is unimodular if this quadratic space over Zp is non-degenerate,
or equivalently, if detL ∈ Z×p /Z×,2p . For p = 2, this forces dimV ≡ 0 mod 2.

10



Lemma 3.3. Let L be a Zp-lattice in the quadratic space V over Qp, with
q(L) ⊂ Zp and L unimodular. Then q(L) = Zp and the sequence (2.2)
induces an exact sequence

Spin(L)
µ−→ O(L)

sn×det−→ Z×p /Z×,2p × {±1},

and the last arrow above is surjective for dimV ≥ 2.

Proof. The existence and exactness of this sequence is a special case of (2.2),
applied to the quadratic space L over Zp (non-degenerate by assumption).
The surjectivity assertion comes from the equality q(L) = Zp, which is a
simple consequence of Hensel’s lemma and q(L⊗Z/p) = Z/p, which in turns
holds since L⊗ Z/p is non-degenerate of dimension ≥ 2 over Z/p. �

Fix V a non-degenerate quadratic space over Q. We now recall a few facts
about the adelic orthogonal group of V . It is convenient to fix a Z-lattice L
in V with q(L) ⊂ Z. We may view L as a (possibly degenerate) quadratic
space over Z, and also Lp := L ⊗ Zp as a quadratic space over Zp; it is
non-degenerate (i.e. unimodular) for all but finitely many primes p. If L′ is
another lattice in V , we have L′p = Lp for all but finitely many p. Each O(Vp)
is a locally compact topological group in a natural way, in which O(Lp) is a
compact open subgroup.
We denote by Af the Q-algebra of finite adèles and set A = R × Af . As
usual, we identify the group OV (Af ) with the group of sequences (gp) with
gp ∈ O(Vp) for all primes p, and gp ∈ O(Lp) for all but finitely many p (it
does not depend on the choice of L). It contains OV (Q) = O(V ) in a natural
“diagonal” way. Following Weil, OV (Af ) is a locally compact topological
group if we choose as a basis of open neighborhoods of 1 the subgroups
of the form

∏
pKp, with Kp a compact open subgroup of O(Vp) equal to

O(Lp) for all but finitely many p (with their product topology). Similar
descriptions and properties hold for adelic points of the algebraic Q-groups
SOV and SpinV . The morphism µ induces a topological group homomorphism
SpinV (Af ) → OV (Af ). The following lemma is a reformulation of Kneser’s
strong approximation theorem for Spin groups [Kne66].

Lemma 3.4. Let V be a non-degenerate quadratic space over Q with dimV ≥
3. Consider a map ϕ : OV (Af )→ C which is left-invariant under O(V ), and
right-invariant under some compact open subgroup of OV (Af ). Assume that
ϕ is right-invariant under µ(Spin(Vp)) for some prime p with Vp is isotropic.
Then ϕ is left and right-invariant under µ(Spin(Af )).

11



Proof. Fix x in OV (Af ) and define ϕx : SpinV (Af ) → C by ϕx(h) =
ϕ(µ(h)x). Then ϕx is left-invariant under Spin(V ). For each prime p,
µ(Spin(Vp)) is a normal subgroup of O(Vp) by Lemma 3.2. It follows that ϕx
is right-invariant under Spin(Vp) by the analogous assumption on ϕ. Assume
K is a compact open subgroup of OV (Af ) such that ϕ is right K-invariant.
By continuity of µ : SpinV (Af )→ OV (Af ) there is a compact open subgroup
K ′ of SpinV (Af ) with µ(K ′) ⊂ xKx−1. Then ϕx is right K ′-invariant. By
Kneser’s strong approximation theorem [Kne66] at the anisotropic place p,
which applies as dimV ≥ 3, we have

SpinV (Af ) = Spin(V ) ·K ′ · Spin(Vp),

so ϕx is constant. We have proved ϕ(µ(h)x) = ϕ(x) for all h ∈ Spin(Af ) and
all x ∈ OV (Af ). We conclude as xµ(h) = xµ(h)x−1x, and as µ(Spin(Af )) is
a normal subgroup of OV (Af ) by Lemmas 3.2 and 3.3. �

Definition 3.5. Let V be a non-degenerate quadratic space over Q and K ⊂
OV (Af ) a compact open subgroup. A spinor character of V of genus K is a
group morphism σ : OV (Af ) → C× such that σ(K) = σ(O(V )) = 1. These
characters form a group under multiplication that we denote by Σ(K).

Fix V and K as above. For σ ∈ Σ(K) and any prime p, we have a morphism
σp : O(Vp)→ C× defined by σp(g) = σ(1× g). As K contains 1×O(Lp) for
all p big enough, we have σp(O(Lp)) = 1 for those p, and thus the product
σ(g) =

∏
p σp(gp) makes sense and holds for all g = (gp) in OV (Af ).

Lemma 3.6. If dimV ≥ 3 then any σ ∈ Σ(K) is trivial on µ(SpinV (Af )).

Proof. Fix σ ∈ Σ(K). For all but finitely many primes p, the quadratic
space Vp is isotropic and so σp is trivial on Spin(Vp) by the second assertion
of Lemma 3.2. We conclude by Lemma 3.4 applied to ϕ = σ. �

Spinor characters may be described more concretely as follows. Set

(3.1) ∆ := (A×f /A
×,2
f )× {±1}P =

′∏
p

(Q×p /Q×,2p )× {±1}.

Here P denotes the set of primes, and the restricted product above is taken
with respect to the subgroups Z×p /Z×,2p × 1. Definitely assume dimV ≥ 3.
By Lemmas 3.2 & 3.3, µ(SpinV (Af )) is a normal subgroup of OV (Af ) with
abelian quotient and the map ι :=

∏
p sn× det induces an isomorphism

(3.2) ι : OV (Af )/µ(SpinV (Af ))
∼→ ∆.

12



Fix a compact open subgroup K ⊂ OV (A). By Lemma 3.6, Σ(K) coincides
with the set of characters of the 2-torsion abelian group ∆ which are trivial
on the subgroups ι(O(V )) and ι(K). Assume V is positive definite to fix
ideas. By Lemma 3.1, ι(O(V )) ⊂ ∆ coincides then with the subgroup of
diag(λ,±1) with λ ∈ Q>0. We have thus an exact sequence

(3.3) 1→ ∆1(K)→ ∆/ι(O(V )K)→ ∆2(K)→ 1, with

(3.4) ∆1(K) = (A×f /A
×,2
f )/〈Q>0, snK± 〉 and ∆2(K) = {±1}P /〈±1,detK 〉,

where K± denotes the subgroup of γ in K with det γ = diag(±1) in {±1}P.
The group ∆2(K) is usually easy to determine, whereas for ∆1(K) it can be
more tricky: see the discussion in [CS99, §9 Chap. 15]. We shall content
ourselves with the following classical observations.
Assume we have a finite set of primes T such that for all primes p /∈ T , we
have K ⊃ 1 ×K ′p for some subgroup K ′p ⊂ O(Vp) satisfying detK ′p = {±1}
and Z×p ⊂ sn(K ′p ∩ SO(Vp)). Such a T always exists, since theses conditions
hold for K ′p = O(Lp) when Lp is unimodular, by Lemma 3.3. Define NT as
the product of all odd primes in T , and of 8 in the case 2 ∈ T . We have a
natural morphism

(3.5) δT : (Z/NT )×/(Z/NT )×,2 =
∏
p∈T

Z×p /Z×,2p −→ ∆1(K).

The equality A×f = Q>0

∏
p Z×p shows that δT is surjective. In particular, we

have the well-known (see e.g. §102:8 in [O’M73] for the first assertion):

Corollary 3.7. The group Σ(K) is a finite elementary abelian 2-group.
Moreover, if we may choose T = ∅ above, we have Σ(K) = 1.

Proof. Note that T = ∅ implies NT = 1, so ∆1(K) = 1 by surjectivity of
δT , and also ∆2(K) = 1 as we have detK = {±1}P . �

4. Review of local p-neighbors and of the Hecke ring

Fix a prime p and let V be a non-degenerate quadratic space over Qp. We
denote by U(V ) the set of unimodular Zp-lattices L ⊂ V with q(L) ⊂ Zp. In
all this section, we assume

(4.1) U(V ) 6= ∅
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(hence dimV is even in the case p = 2, see §3). We have a natural action
of O(V ) on U(V ). The isometry class of a non-degenerate quadratic space
over Zp is uniquely determined by its dimension and determinant (see e.g.
[O’M73] 92:1a and §93). As we have detL ≡ detV mod Q×,2p for all L in
U(V ), and Z×p ∩Q×,2p = Z×,2p , we deduce:

Lemma 4.1. The set U(V ) forms a single orbit under the action of O(V ).

Recall that a p-neighbor of L ∈ U(V ) is an element N ∈ U(V ) such that
L∩N has index p in L. We denote byNp(L) ⊂ U(V ) the subset of p-neighbors
of L. We have a natural line map

(4.2) ` : Np(L) −→ CL(Z/p), N 7→ (pN + pL)/pL,

where CL(Z/p) denotes the set of isotropic lines in L ⊗ Z/p. Indeed, note
that we have pN ∩ pL = pM , so that the image of pN in L/pL is naturally
isomorphic to pN/pM ' N/M , and satisfies q(pN) ≡ 0 mod p2.
Note also that for N ∈ Np(L) and M := N ∩ L, we have L/M ' Z/p and
M.pN ≡ 0 mod p, so M/pL is the orthogonal of `(N) in L ⊗ Z/p. Also, if
x ∈ pN generates `(N), then we have q(x) ≡ 0 mod p2 andN = M + Zp x/p.
The following lemma is well-known.

Lemma 4.2. The line map (4.2) is bijective.

Proof. Fix ` ∈ CL(Z/p) and set M = {v ∈ L | v.` ≡ 0 mod p}. The finite
quadratic space resM has order p2 (see §2 (iv)). It contains the isotropic
subspace L/M ' Z/p, and another Z/p-line, generated by x/p for any x ∈ L
generating `. One easily deduces that resM is a hyperbolic plane of rank 2
over Z/p. It has thus exactly two isotropic lines, namely L/M and another
one N/M , where N is the unique p-neighbor of L containing M . �

We have natural actions of O(L) on Np(L) and CL(Z/p), and the line map
is trivially O(L)-equivariant. As O(L ⊗ Z/p) acts transitively on CL(Z/p),
and since O(L)→ O(L⊗ Z/p) is surjective as L is unimodular, we deduce:

Lemma 4.3. For L in U(V ), the group O(L) acts transitively on Np(L).

Assume V is isotropic, e.g. dimV ≥ 3. Then we may choose e, f ∈ L
satisfying q(e) = q(f) = 0 and e.f = 1. Then we have L = (Zp e ⊕ Zp f) ⊥
Q with Q unimodular (and detQ ≡ − detL) and

(4.3) N := (Zp pe ⊕ Zp p−1f ) ⊥ Q

clearly is a p-neighbor of L, with line `(N) = Z/p f . By Lemma 4.3, any
p-neighbor of L has this form for a suitable choice of e and f .
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Corollary 4.4. If g ∈ O(V ) satisfies g(L) ∈ Np(L) then sn(g) ∈ pZ×p .

Proof. By Lemma 4.3, there is h ∈ O(L) such that N := hg(L) is given by
Formula (4.3). Define g′ ∈ O(V ) by g′(e) = pe, g′(f) = f/p and g′|Q = idQ.
We have g′(L) = N = hg(L) so hg ∈ g′O(L), sn(g) ∈ sn(g′)Z×p (Lemma 3.3)
and we may assume g = g′. We conclude as g′ is the composition of the
two reflections about e − pf and e − f , and we have q(e − pf)q(e − f) =
(−p)(−1) = p. �

Consider now the free abelian group ZU(V ) over the set U(V ). This is a
Z[O(V )]-module. The Hecke ring of U(V ) is its endomorphism ring

HV = EndZ[O(V )](ZU(V )).

The choice of L ∈ U(V ) gives a natural isomorphism between HV and the
convolution ring of compactly supported functions f : O(V ) → Z such that
f(kgk′) = f(g) for all g ∈ O(V ) and all k, k′ ∈ O(L). Concretely, an element
T ∈ HV corresponds to the function f defined by TL =

∑
f(g) gL, the

(finite) sum being over the elements g in O(V )/O(L).

Definition 4.5. The p-neighbors operator is the element Tp of End(ZU(V ))
defined by TpL =

∑
N∈Np(L) N . We clearly have Tp ∈ HV .

We know since Satake [Sat63] that HV is a commutative finitely generated
ring. One simple reason for this commutativity is that the natural anti-
involution T 7→ T t, induced by transpose of correspondences (see e.g. [CL19,
§4.2.1]), is the identity of HV . This in turn follows from the fact that for any
L and L′ in U(V ) we have an isomorphism of abelian groups L/(L ∩ L′) '
L′/(L ∩ L′) (use either the Cartan decomposition given by [Sat63, §9.1] or
the direct argument given in [CL19, Prop. 3.1.1 & Prop. 4.2.8]).
We denote by Hom(HV ,C) the set of ring homomorphisms HV → C, also
called systems of Hecke eigenvalues. There is a classical bijection χ 7→ U(χ)
between Hom(HV ,C) and the set of isomorphism classes of irreducible unram-
ified C[O(V )]-modules U , i.e. such that the fixed subspace UO(L) is nonzero
for some (hence all) L ∈ U(V ). In this bijection, U(χ)O(L) is a line equipped
with a natural action of HV , and it gives rise to the morphism χ.

A second interpretation of Hom(HV ,C) is given by the Satake isomorphism.
In Langlands’s interpretation, this isomorphism takes the following form.
Consider3 the complex algebraic group ÔV defined by ÔV = Sp2r(C) (stan-
dard complex symplectic group of rank r) if dimV = 2r + 1 is odd, and by

3In the case dimV even, we conveniently make here a slight entorse to Langlands’s
widely used conventions, hoping the forgiveness of the knowledgable reader.
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ÔV = O2r(C) (standard complex orthogonal group of rank k) if dimV = 2r
is even. In all cases, we define nV := 2r and have a natural, called standard,
complex representation

St : ÔV → GLnV (C).

The Satake isomorphism [Sat63, Car79, Gro98] induces a canonical bijec-
tion χ 7→ c(χ), between Hom(HV ,C) and the set of semi-simple conjugacy
classes c ⊂ ÔV satisfying furthermore det St(c) = −1 in the case dimV = 2r
is even and (−1)r detV is not a square in Q×p , and det St(c) = 1 otherwise.

Remark 4.6. (SO versus O) For L in U(V ), the inclusion O(L) ⊂ O(V )
induces an isomorphism O(L)/SO(L) ' O(V )/SO(V ) of groups of order 2.
It follows that SO(V ) acts transitively on U(V ). Define

H′V = EndZ[SO(V )](ZU(V )).

Again, the choice of an L ∈ U(V ) identifies the ring H′V with the convolution
ring of compactly supported functions SO(L)\SO(V )/SO(L) → Z. Also,
H′V has a natural action of Z/2 = O(V )/SO(V ), with fixed subring HV . As
observed by Satake, we have H′V = HV unless dimV = 2r is even and V has
Witt index r. The dual description given above of the Satake isomorphism for
HV follows then from that for the Hecke ring H′V associated to the connected
semisimple group scheme SOL over Zp for L ∈ U(V ). See Scholium 6.2.4 in
[CL19] for a discussion of the case dimV = 2r and V has Witt index r.

Lemma 4.7. For any ring homomorphism χ : HV → C we have

χ(Tp) = p
dimV

2
−1 Trace St(c(χ)).

Proof. If V has Witt index [dimV/2], the lemma is a consequence of
Formula (4.3) and of Gross’s exposition of the Satake isomorphism for split
reductive groups over Qp in [Gro98]: see §6.2.8 in [CL19], especially Formula
(6.2.5) in the case dimV even, and the formula in the middle of page 160 in
the case dimV odd. Assume now dimV = 2r is even and V has Witt index
r − 1. We provide a proof in this case as we are not aware of any reference.
Note that we have HV = H′V , so we may use the description of the Satake isomorphism given in Sect. II

§6 & 7 of [Bor77] and Sect. III and IV of [Car79]. For r = 1 we have Tp = 0 = Trace St(c) for all c ∈ ÔV ,
so we may assume r ≥ 2. Fix L ∈ U(V ). By assumption on V , we can find elements ei and fi of L, 1 ≤
i ≤ r− 1, with ei.ej = fi.fj = 0 and ei.fj = δi,j for all i, j. We have L = L0 ⊥

⊕⊥
1≤i≤r−1(Zpei ⊕ Zpfj),

with L0 unimodular, anisotropic, of rank 2 over Zp. The subgroup T of SO(V ) stabilizing each line Qpei
and Qpfj is a maximal torus, and its subgroup A acting trivially on V0 = L0 ⊗ Qp is a maximal split
torus. The rational characters4 εi ∈ X∗(A), defined for i = 1, . . . , r − 1 by tei = εi(t)ei, form a Z-basis of

4 We denote as usual by X∗(S) and X∗(S) respectively the groups of characters and
cocharacters of a torus S, and by 〈−,−〉 the perfect pairing X∗(S)⊗X∗(S)→ Z.
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X∗(A); we denote by ε∗i ∈ X∗(A) its dual Z-basis. The subgroup of SO(V ) preserving
∑
j≤i Qpej for all

i is a Borel subgroup B, with unipotent radical denoted by N . The (positive) roots of A in LieB are the
εi ± εj with i < j (with root space of dimension 1), and the εi (with root space of dimension 2), so that
the root system of A is of type Br−1. We denote by W its Weyl group. The Satake isomorphism is an
isomorphism

(4.4) Sat : HV ⊗ C ∼→ C[X∗(A)]W.

An element λ =
∑
i λiε

∗
i in X∗(A) is B-dominant if we have λ1 ≥ λ2 ≥ · · · ≥ λr−1 ≥ 0. For each

such λ we denote by χλ ∈ Z[X∗(A)]W the sum of the elements in the W -orbit of λ, and by Tλ ∈ H′V
the element associated to the characteristic function of SO(L)λ(p)SO(L). By [Sat63, p. 53], we have
Sat(Tλ) =

∑
µ cλ;µ χµ, where µ runs among the dominant weights with (µi) ≤ (λi) for the lexicographic

ordering ≤ on Zr−1, for some constants cλ;µ. By the remark at the top of p. 54 loc. cit., we have
cλ;λ = δ(λ(p))−1/2, with δ the modulus character of B. Set λ = ε∗1. We have Tλ = Tp by Lemma 4.3.
Using the root space decomposition recalled above, we see δ(λ(p))−1/2 = pr−1. Also, for a dominant µ we
have µ ≤ λ if, and only if, µ = 0 or µ = λ. On the other hand, we have SO(L)λ(p)SO(L) ∩ N SO(L) = ∅
since the spinor norm of O(V ) is trivial on the divisible group N , and is p on λ(p). By definition of Sat,
this shows cλ;0 = 0 and

(4.5) Sat(Tp) = pr−1 χε∗1 .

On the dual side, we also fix a C-basis e′1, . . . , e′r, f ′1, . . . , f ′r of the quadratic space C2r with e′i.e
′
j = f ′i .f

′
j =

0 and e′i · f ′j = δi,j for all i, j, which defines a maximal torus T̂ and a Borel subgroup B̂ of SO2r(C), as
well as an order 2 element σ ∈ O2r(C) fixing e′i and f

′
j for each i, j < r, and exchanging e′r and f ′r. We

have a Z-basis ε′i of X∗(T̂ ) defined by t.e′i = ε′i(t)e
′
i. By definition of the Langlands dual, we have a given

isomorphism ι : X∗(T )
∼→ X∗(T̂ ) sending ε∗i to ε′i for i = 1, . . . , r − 1. Also, the subgroup U ⊂ T̂ of

elements of the form σtσ−1t−1 with t ∈ T̂ coincides with ∩1≤i≤r−1ker ε′i, and if we set Â = T̂ /U then
ι defines a isomorphism X∗(A) ' X∗(Â). It is a straightforward exercise to check that any semisimple
element g ∈ O2r(C) with det g = −1 is O2r(C)-conjugate to an element of the subset T̂ σ. Moreover, two
semisimple elements of O2r(C) are conjugate if, and only if, they have the same characteristic polynomial.
For tσ ∈ T̂ σ, this characteristic polynomial is

(4.6) det(X − St(tσ)) = (X − 1)(X + 1)

r−1∏
i=1

(X − ε′i(t))(X − ε′i(t)−1).

It follows that for t, t′ ∈ T̂ we have an equivalence between: (i) tσ and t′σ are conjugate in O2r(C), and
(ii) the images of t and t′ in Â are conjugate under W (which acts naturally on X∗(Â) hence on Â). As
a consequence, the inclusion µ : T̂ σ → O2r(C)det=−1 and the projection ν : T̂ σ → Â, tσ 7→ tU, define a
bijection

(4.7) µ ◦ ν−1 : Â/W
∼→ O2r(C)det=−1/O2r(C).

The bijection χ 7→ c(χ) is defined by composing (4.7), together with (4.4) and the natural bijection
between the sets Hom(C[X∗(A)]W,C) and Â/W defined by ι, In particular, if f : O2r(C) → C denotes a
polynomial class function, then the map t 7→ f(tσ) factors through aW -invariant polynomial map Â→ C,
or equivalently using ι, through an element of C[X∗(A)]W that we denote by f∗. In the case f is the trace
of the strandard representation St of O2r(C), we see

f∗ = χε∗1 ,

and conclude by (4.5). �
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We end this discussion by recalling the Satake parameters of the 1-dimen-
sional unramified C[O(V )]-modules, or equivalently, of the group homomor-
phisms µ : O(V ) → C× with µ(O(L)) = 1 for some (hence all) L ∈ U(V ).
Assume dimV ≥ 3. By Lemmas 3.2 & 3.3, there are exactly 2 such charac-
ters, namely the trivial character 1 and the character η defined by

η(g) = (−1)vp(sn(g))

where vp(x) denotes the p-adic valuation of the element x ∈ Q×p . Recall
nV = 2r. We denote by ∆ ⊂ ÔV the unique semi-simple conjugacy class
such that the eigenvalues of St(∆) are:
– the 2r positive square roots p±

2i−1
2 with i = 1, . . . , r for dimV odd,

– the 2r − 1 integers pi for |i| ≤ r − 1, and the element 1 (resp. −1) if
dimV = 2r is even and V has Witt index r (resp. r − 1).

Lemma 4.8. Assume dimV ≥ 3 and that χ : HV → C satisfies c(χ) = ∆
(resp. c(χ) = −∆). Then we have U(χ) ' 1 (resp. U(χ) ' η).

Proof. This is well-known but we provide a proof as we could not find unsophisticated references. To fix
ideas we assume dimV = 2r is even and V has Witt index r− 1 (the most complicated case), and use the
notations introduced during the proof of Lemma 4.7. To any unramified character ν : T → C× (see §3.2
in [Car79]), and to the Borel subgroup B = TN , may associate an induced representation denoted by
I(ν) loc. cit. §3.3. This representation contains a unique unramified subquotient, necessarily of the form
U(χ) for some unique χ ∈ Hom(HV ,C). Following [Car79] §4.3, the elements ν and c(χ) are related as
follows. The character ν defines by restriction an unramified character of the split torus A, hence factors
through the surjection ordA : A→ X∗(A) defined by Formula (S) p. 134 loc. cit. It may thus be viewed
as an element of Hom(X∗(A),C×), or equivalently of Â using the dual interpretation: the W -orbit of this
element is c(χ) by Formula (35) loc. cit. and Formula (4.7). The trivial representation 1 is obviously
a subspace of the induced representation I(ν) with ν := δ−1/2 and δ the modulus character of B. As
a consequence, the character η is a subspace of I(ν) ⊗ η = I(νη) where η is viewed as a character of
T by restriction. A trivial computation using the description of root spaces of A given in the proof of
Lemma 4.7 shows ν(ε∗i (p)) = pr−i for i = 1, . . . , r − 1. On the other hand, we have η(ε∗i (p)) = −1 for
all i = 1, . . . r − 1 by Lemma 4.4. As a consequence, by (4.6) the 2r eigenvalues of the element St(c(χ))
are 1,−1, together with the 2r − 2 elements εp±i with i = 1, . . . , r, and ε = 1 in the case U(χ) ' 1, and
ε = −1 in the case U(χ) ' η. �

5. Setting and statement of the main theorem

5.1. Class sets of lattices with level structures

Let V be a non-degenerate quadratic space over Q. We fix a compact open
subgroup K of OV (Af ) and consider the sets

(5.1) Gen(K) = OV (Af )/K and X(K) = O(V )\Gen(K).

For any finite set S of primes, we have ringsQS =
∏

p∈S Qp and ZS =
∏

p∈S Zp
and a quadratic space VS =

∏
p∈S Vp over QS. We may and do fix such an
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S such that we have K = KS ×
∏

p/∈SKp, with compact open subgroups
KS ⊂ O(VS) and Kp ⊂ O(Vp) for p /∈ S. We also set

(5.2) Gen(Kp) = O(Vp)/Kp

for each prime p /∈ S, and Gen(KS) = O(VS)/KS. Both Gen(K), Gen(KS)
and Gen(Kp) are pointed sets (with distinguished points K,KS and the Kp),
and we have a natural restricted product decomposition of pointed sets

(5.3) Gen(K) = Gen(KS)×
′∏

p/∈S

Gen(Kp).

Before going further, we recall how to interpret these sets in concrete cases.

Example 5.2. (Lattice case) Recall, following Eichler and Weyl, that there
is an action of the group OV (Af ) on the set of Z-lattices L in V , say (g, L) 7→
g(L), uniquely determined by the property g(L)p = gp(Lp) for each prime p.
Fix L ⊂ V a Z-lattice5, set K =

∏
pKp with Kp = O(Lp), and take S = ∅.

Then the map g 7→ g(L) defines an O(V )-equivariant bijection

(5.4) Gen(K)
∼→ GenQ(L)

where GenQ(L) denotes the genus of L in V . This bijection identifies X(K)
with the set of isometry classes of lattices in this genus. For each prime
p, we also define Gen(Lp) as the set of Zp-sublattices of Vp isometric to
Lp. Both GenQ(L) and Gen(Lp) have a distinguished point, namely L and
the Lp, and the decomposition (5.3) identifies Gen(K) componentwise with
GenQ(L) =

∏′
p Gen(Lp) under L′ 7→ (L′p)p.

Example 5.3. (Level structure case) Fix L ⊂ V a lattice, a finite set S of
primes, choose a compact open subgroup KS ⊂ O(LS), with LS =

∏
p∈S Lp,

and set K = KS ×
∏′

p/∈S O(Lp). For L′ ⊂ V in the genus of L, the set
Isom(LS, L

′
S) of ZS-linear isometries LS → L′S is a principal homogeneous

space under O(LS). Define a KS-level structure on L′ as a KS-orbit of el-
ements in Isom(LS, L

′
S). The identity LS → LS defines a canonical KS-

structure α0 on LS and the map g 7→ (g(L), α0 ◦ g−1) trivially is a bijection
between Gen(K) and the set of all pairs (L′, α) with L′ ∈ GenQ(L) and α a
KS-level structure on L′.

5 We only have q(L) ⊂ 1
NZ for some N ≥ 1 a priori, but we may even assume q(L) ⊂ Z

if we like, replacing L with NL.
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Note that a compact open subgroup of O(VS) always fixes some ZS-lattice
LS in VS, hence is included in O(LS). It follows that for any given K, we
may always find L ⊂ V and S such that K (hence Gen(K)) is of the form
studied in Example (5.3). A familiar example is the following.

Example 5.4. (Principal level structures) Fix a lattice L ⊂ V and N ≥ 1 an
integer such that q(Lp) ⊂ Zp and Lp is unimodular in Vp for each p dividing
N . Set K =

∏
pKp with Kp = ker (O(Lp) → O(Lp ⊗ Z/N) ) for all p

(hence Kp = O(Lp) for p - N). Then Gen(K) naturally identifies with the
set of pairs (L′, α) with L′ ∈ GenQ(L) and α : L ⊗ Z/NZ ∼→ L′ ⊗ Z/NZ an
isomorphism of quadratic spaces over Z/NZ (use that O(Lp)→ O(L⊗Z/p)
is surjective for p | N).

5.5. Spinor genera of K and their mass

We fix V and K as in §5.1. By the discussion above, together with the
finiteness of isometry classes of lattices in a given genus, X(K) is a finite set.
By Lemmas 3.2 & 3.3, µ(SpinV (Af )) is a normal subgroup of OV (Af ) with
abelian quotient. This shows that O(V )µ(SpinV (Af ))K is a normal subgroup
of OV (Af ) as well, with quotient group

(5.5) S(K) = O(V )\OV (Af )/µ(SpinV (Af ))K.

We have a natural projection

(5.6) s : X(K)→ S(K).

For x ∈ X(K), its class s(x) in S(K) is called the spinor genus of x; these
classes partition Gen(K) into the spinor genera of K. The group S(K) of
spinor genera of K is a finite elementary abelian 2-group, which is dual to
the group denoted Σ(K) in §3. We have a natural isomorphism S(K) '
∆/ι(O(V )K) deduced from (3.2), hence a natural exact sequence

(5.7) 1→ S1(K)→ S(K)→ S2(K)→ 1,

defined by this isomorphism and (3.3).
In the case V∞ is isotropic of dimension > 2, the strong approximation
theorem shows that s : X(K) → S(K) is bijective (Kneser). As our main
results trivially hold in this case, we assume now V∞ is positive definite. In
this case O(V∞) is compact, so O(V ) is a discrete subgroup of OV (Af ). We
choose the Haar measure on the unimodular locally compact group OV (Af )
such that K has measure 1. We then equip O(V ) with the counting measure,
which endows O(V )\OV (Af ) with a finite measure denoted by m. For x ∈
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OV (Af ), we denote by Γx the finite group O(V ) ∩ xKx−1. The measure of
the subset O(V )xK of O(V )\OV (Af ) is then

m(O(V )xK) =
1

|Γx|
.

It only depends on the class of x in X(K), so it makes sense to write |Γx| for
x ∈ X(K). We have then

(5.8) mK := m(O(V )\OV (Af )) =
∑

x∈X(K)

1

|Γx|
.

The following lemma is presumably well-known.

Lemma 5.6. The spinor genera of K all have the same measure mK

|S(K)| .

Proof. The right multiplication by y ∈ OV (Af ) preserves the Haar mea-
sure, commutes with left-multiplication by O(V ), and sends the spinor genus
O(V )xµ(SpinV (Af ))K to O(V )xy µ(SpinV (Af ))K. �

5.7. Statement of the main theorem

We fix V,K and S as in §5.1, as well as an arbitrary lattice L ⊂ V . Up to
enlarging S we may and do assume furthermore (see §4)

(5.9) Kp = O(Lp) and Lp ∈ U(Vp) for all p /∈ S.

Fix p /∈ S. We identify Gen(Kp) with the set Gen(Lp) of all Zp-lattices in
Vp isometric to Lp, hence with the set U(Vp) of unimodular Zp-lattices of Vp
(Lemma 4.1). Setting Gen(Kp) = Gen(KS)×

∏′
l /∈S∪{p}Gen(Kl) we also have

(5.10) Gen(K) = Gen(Kp)×Gen(Kp).

by (5.3), and we shall write x = (xp, x
p) the corresponding decomposition

of x ∈ Gen(K). Two elements x, y ∈ Gen(K) are called p-neighbors if their
p-th components xp and yp, viewed as elements of U(Vp), are p-neighbors.

Definition 5.8. For x, y ∈ Gen(K), we denote by Np(x, y) the number of
p-neighbors of x which are in the same class as y in X(K).

A few remarks are in order:

(R1) If y is a p-neighbor of x, then σy is a p-neighbor of σx for all σ ∈ O(V ).
The quantity Np(x, y) thus only depends on the classes of x and of y in X(K),
and we also write Np(x, y) for x, y ∈ X(K).
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(R2) Assume dimV ≥ 3. By Corollary 4.4, if y is a p-neighbor of x then
the spinor genera s(y) and s(x) satisfy s(y) = δp s(x), where δp ∈ S(K) is
defined by δp = s(g) for any element g in SOV (Af ) with gl = 1 for l 6= p
and sn(gp) ∈ pZ×p (note Z×p ⊂ sn(Kp) for p /∈ S by Lemma 3.3). We have
δp ∈ S1(K), so s(x) ≡ s(y) mod S1(K).

(R3) For p /∈ S, the total number of p-neighbors of any x in Gen(K) is
|CL(Z/p)| by Lemma 4.2, a quantity concretely given by Formula (1.4) and
that we now denote by cV (p).

Theorem 5.9. Assume V is a quadratic space over Q with dimV > 2 and
V∞ definite. Let K ⊂ OV (Af ) be a compact open subgroup. For all x, y ∈
X(K) with s(x) ≡ s(y) mod S1(K), we have

Np(x, y)

cV (p)
=

1/|Γy|
mK/|S(K)|

+ O(
1
√
p

)

when the prime p goes to ∞ with the property s(y) = δp s(x). We can even
replace the 1√

p
above by 1

p
in the case dimV > 4.

By Lemma 5.6, mK/|S(K)| is also the mass of the spinor genus of y in
Gen(K).

Remark 5.10. Theorem A is the special case of Theorem 5.9 in which K
has the form of Example 5.2 and |S(K)| = 1 (any L′ ∈ Gen(L) is isometric
to a lattice in GenQ(L) by the Hasse-Minkowski theorem). Note that when
K is as in Example 5.2, we always have detK = {±1}P , i.e. S2(K) = 1, so
in this case we have s(x) ≡ s(y) mod S1(K) for all x, y ∈ X(K).

Remark 5.11. By definition, for p /∈ S then δp is the image of the element
p ∈ (Z/NS)× under the morphism δS in Formula (3.5) and the natural iso-
morphism ∆1(K)

∼→ S1(K). In particular, δp ∈ S1(K) only depends on the
class of p in (Z/NS)×. For any a ∈ S1(K), the primes p /∈ S with δp = a form
thus a union of arithmetic progressions modulo NS, and there are infinitely
many such primes by Dirichlet (their Dirichlet density is 1

|S1(K)|).

6. Proof of the main theorem

Fix V and K as in the statement of Theorem 5.9. Define M(K) as the
R-vector space of maps X(K)→ R. This is an Euclidean space for

(6.1) 〈f, f ′〉 =

∫
O(V )\OV (Af )

f f ′m =
∑

x∈X(K)

1

|Γx|
f(x)f ′(x),
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where m is the measure on O(V )\O(Af ) recalled in §5.1 (Petersson inner
product). It follows that the elements σ ∈ Σ(K), which are elements of M(K)
by definition, are pairwise orthogonal and with norm 〈σ, σ〉 = mK . We may
thus write M(K) = (⊕σ∈Σ(K) Rσ ) ⊥ M(K)0, which defines M(K)0.

Lemma 6.1. For σ ∈ Σ(K), the orthogonal projection pσ : M(K) → Rσ is
given by pσ(f) = 1

mK
(
∑

x∈X(K)
f(x)σ(x)
|Γx| ) σ.

Proof. For f ∈ M(K) we have pσ(f) = λσ with λ = 〈f,σ〉
〈σ,σ〉 . �

Choose a lattice L ⊂ V and a finite set S of primes as in §5.1 and satisfying
(5.9). Fix p /∈ S. Any f ∈ M(K) can be viewed by (5.10) as a function
Gen(Kp) × Z[U(Vp)] → R which is Z-linear in the second coordinate. We
thus get a natural action on Hecke ring HVp on M(K). For instance, we have

(6.2) Tp(f)(x) =
∑

y∈X(K)

Np(x, y)f(y)

for all x ∈ X(K). The property T t = T for all T in HVp implies that each
such operator of M(K) is self-adjoint (see e.g. Lemma 4.2.3 in [CL19]). Still
by the decomposition (5.3), and by the commutativity of each HVp , all those
endomorphisms of M(K) commute. It follows that they are simultaneously
diagonalizable. Remarks (R2) and (R3) of §5.7, together with Formula 6.2,
imply:

Lemma 6.2. Each σ ∈ Σ(K) is an eigenvector of Tp, with eigenvalue
cV (p)σ(δp).

In particular, Tp preserves M(K)0 for all p /∈ S.
Theorem 6.3. When the prime p goes to infinity, we have in End(M(K)0)

(6.3)
Tp

cV (p)
= O(

1
√
p

),

and we can replace the 1√
p
above by 1

p
in the case dimV > 4.

Proof. (Theorem 6.3 implies Theorem 5.9) By Lemma 6.2 we have Tp
cV (p)

=

(
∑

σ∈Σ(K) σ(δp)pσ) ⊥ up where up denotes the restriction of Tp
cV (p)

to M(K)0.
Fix x, y ∈ X(K) and set f = 1y, the characteristic function of y. We have
Tp(1y)(x) = Np(x, y) by (6.2). On the other hand, by Lemma 6.1 we have∑

σ∈Σ(K)

σ(δp)pσ(1y)(x) =
∑

σ∈Σ(K)

σ(δp)
1

mK

σ(y)

|Γy|
σ(x),

which reduces to 1/|Γy |
mK/|Σ(K)

assuming s(y) = s(x)δp, and we are done. �
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It remains to prove Theorem 6.3. This step is not elementary, and we will
give two different proofs. The first one will rely in a crucial way on Arthur’s
classification of automorphic representations of classical groups [Art13]. Our
first aim now is to state the results we will need from this theory, in the form
which is the most suitable for our purpose. We need a few ingredients,
denoted by (I1) to (I4) below.
(I1) Cuspidal automorphic representations of GLn over Q. We refer to
[BJ79] for this notion. For any such automorphic representation π, we have
local components πv for v =∞ or v a prime p.
– The component π∞ is an irreducible Harish-Chandra module for GLn(R).
As such, it has an infinitesimal character, that we may view following Lang-
lands as semisimple conjugacy class c(π∞) in Mn(C).
– For all but finitely many primes p, the representation πp is unramified,
i.e. has nonzero invariants under GLn(Zp). For any such p, the Satake
isomorphism shows that πp is uniquely determined by its Satake parameter,
that we may view following Langlands as semisimple conjugacy class c(πp)
in GLn(C).
For any finite set of primes S we denote by XS(GLn) the set of all collections

(xv)v/∈S, such that x∞ is a semisimple conjugacy class in Mn(C), and xp is
a semisimple conjugacy class in GLn(C) for each prime p /∈ S. By the
discussion above, for any cuspidal automorphic representation π of GLn, and
for any S such that πp is unramified for p /∈ S, there is a well-defined element

c(π) ∈ XS(GLn), with c(π)v := c(πv) ∀v /∈ S.

(I2) Operations on XS(GLn). The direct sum and tensor product of conju-
gacy classes induce natural operations XS(GLn) × XS(GLm) → XS(GLn+m)
and XS(GLn) × XS(GLm) → XS(GLnm), denoted respectively by (x, y) 7→
x ⊕ y and x ⊗ y. They are commutative, associative and distributive in an
obvious way. Also, an important role will be played by the Arthur element

A ∈ XS(GL2)

such that the eigenvalues of A∞ are ±1
2
, and that of Ap are the positive real

numbers p±1/2. For each integer d ≥ 0, we shall also need a symmetric power
morphism GL2 → GLd+1; it induces a map Symd : XS(GL2)→ XS(GLd+1).
(I3) Automorphic forms for OV and their parameters. By definition, an
automorphic form for OV is a map f : O(V )\OV (A) → C which is right-
invariant under some compact open subgroup of OV (Af ) and which generates
a finite dimensional vector space under all right translations by the compact
group O(V∞). They form a C[OV (A)]-module denoted A(OV ). This module
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is well-known to be semisimple and admissible. In what follows, we are only
interested in the subspace of elements of A(OV ) which are right O(V∞)-
invariants; it is nothing else than

⋃
K⊂OV (Af ) M(K), where K runs among

the compact open subgroups of OV (Af ). We shall also need below a variant
of these definitions with O replaced everywhere by SO.
As in §4, consider the complex algebraic group ÔV defined by ÔV = Sp2r(C)

if dimV = 2r+1 is odd, and by ÔV = O2r(C) if dimV = 2r is even. We define
nV := 2r and have a natural complex representation St : ÔV → GLnV (C).
For any finite set S of primes, define XS(OV ) as the set of all collections
(xv)v/∈S, with x∞ a semi-simple conjugacy class in the complex Lie algebra of
ÔV , and xp a semi-simple conjugacy class in ÔV . Assuming f ∈ M(K)⊗C is
a common eigenvector for HVp for all primes p 6∈ S, we attach to f a unique
element c(f) ∈ XS(OV ) defined as follows:

– c(f)∞ is the semisimple conjugacy class with eigenvalues in St the 2r
elements ±dimV−2i

2
with i = 1, . . . , r (infinitesimal character of the trivial

representation of O(V∞), generated by f),
– for p /∈ S, the C[O(Vp)]-module generated by f is isomorphic to U(χp)
with χp : HVp → C defined by the eigenvector f . We define c(f)p as the
conjugacy class c(χp) attached to χp under the Satake isomorphism (see §4).

(I4) Orthogonal-symplectic alternative. If π is a cuspidal automorphic rep-
resentation of GLn over Q, then so is its contragredient π∨. If π is self-dual,
that is isomorphic to π∨, then it is either orthogonal or symplectic, in the
sense of Arthur [Art13]. Define accordingly the sign s(π) of π to be 1 or −1.
We are now able to state the following main result of Arthur’s theory. It is
a standard consequence of Theorem A.1 proved by Taïbi in the appendix.

Theorem 6.4. Let f ∈ M(K) be a common eigenvector for all the elements
of HVp for all p /∈ S. Then there is a unique collection (ni, πi, di)i∈I , with
integers ni, di ≥ 1 satisfying nV =

∑
i∈I nidi, and πi a cuspidal automorphic

representation of GLni unramified outside S, such that

(6.4) St(c(f)) =
⊕
i∈I

c(πi) ⊗ Symdi−1A.

Moreover, πi is self-dual with sign s(πi) = (−1)dimV+di−1 for each i ∈ I.

Proof. Let π ⊂ A(OV ) be an irreducible constituent of the OV (A)-module
generated by f . By definition, we have π∞ ' 1 and πp is unramified with
Satake parameter c(f)p. The restriction of functions res : A(OV )→ A(SOV )
is SOV (A)-equivariant, and we have resπ 6= 0 since any nonzero ϕ in A(OV )
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has an OV (A)-translate with ϕ(1) 6= 0. Choose an irreducible constituent
π′ ⊂ resπ. For each place v, the local component π′v is a constituent of
the restriction of πv to SO(Vv). So π′∞ ' 1, and for a prime p /∈ S the 1
or 2 constituents of (πp)|SO(Vp) are O(Lp)-outer conjugate and have a Satake
parameter belonging to that of πp (see Remark 4.6). We conclude by applying
Theorem A.1 to π′. �

Proof. (First proof of Theorem 6.3) Let f ∈ M(K) ⊗ C be a common
eigenvector for all HVp with p /∈ S. Denote by λ(p) the eigenvalue of Tp on
f . As we have cV (p) ∼ pdimV−2 for p→∞, it is enough to show that either
f is a linear combination of σ with σ ∈ Σ(K), or we have

(6.5) |λ(p)| = O(pdimV−3+δ) for p −→∞

with δ = 0 for dimV ≥ 5, and δ = 1/2 for 3 ≤ dimV ≤ 4.
Let (ni, πi, di), i ∈ I, be the collection associated to f by Theorem 6.4.
Denote by λi(p) the trace of c(πi)p. By (6.4) and Lemma 4.7 we have thus

(6.6) p
− dimV

2
+1λ(p) =

∑
i∈I

λi(p)
pdi/2 − p−di/2

p1/2 − p−1/2
.

By the Jacquet-Shalika estimates [JS81a, Cor. p. 515], we have |λi(p)| <
ni p

1/2 for all i ∈ I and all p /∈ S. If we set d = Max{di | i ∈ I}, we deduce

(6.7) |λ(p)| = O(p
dimV−2+d

2 ) for p→∞.

In particular, the bound (6.5) follows from (6.7) in the case d ≤ dimV − 4,
so we definitely assume d ≥ dimV − 3. Set J = {j ∈ I | dj = d}. If the
generalized Ramanujan conjecture holds for each j ∈ J , we have |λj(p)| ≤ nj
for p /∈ S and j ∈ J , hence the better bound

(6.8) |λ(p)| = O(p
dimV+d−3

2 ) for p→∞.

In this case, (6.5) follows for d = dimV − 3 as well.
We consider first the case dimV = 2r + 1 is odd, hence 2r − 2 ≤ d ≤ 2r.
For j ∈ J we have s(πj) = (−1)d and nj ≤ 2r

d
.

– Case d = dimV − 3 = 2r − 2 (so r ≥ 2 and dimV ≥ 5). For j ∈ J we
have nj ≤ 1 + 1

r−1
, so nj = 1 and πj is a Hecke character of order ≤ 2, hence

trivially satisfies the Ramanujan conjecture: we conclude by (6.8).
– Case d = dimV − 2 = 2r − 1. For j ∈ J we have nj ≤ 1 + 1

2r−1
and

πj symplectic (hence nj ≡ 0 mod 2), so r = 1, dimV = 3, d = 1, nj = 2
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and I = {j}. But the eigenvalues of c∞(πj) are ±1/2 by (6.4), and this is
well-known to force πj to be generated by a classical holomorphic modular
form of weight 2. The Ramanujan conjecture for such a πj is known (and
goes back to Eichler, Shimura and Weil), so we conclude by (6.8).
– In the remaining case d = 2r, we have J = {j} = I and nj = 1. It follows
from (6.4) that we have c(f)p = ±∆, with ∆ defined as before Lemma 4.8.
By this lemma, the O(Vp)-module generated by f is one dimensional and
isomorphic to 1 or η. In particular, the function f is right-invariant under
µ(Spin(Vp)). By Lemma 3.4 (strong approximation), the function f factors
through the abelian group S(K), hence is a linear combination of elements
of Σ(K), and we are done.

We now discuss the case dimV = 2r is even (r ≥ 2), hence 2r−3 ≤ d ≤ 2r,
which is quite similar. For j ∈ J we have s(πj) = (−1)d−1 and nj ≤ 2r

d
. The

case d = 2r is impossible, as it would force nj = 1 and πj symplectic (hence
nj even).
– Case d = dimV − 3 = 2r − 3. There is nothing to prove by (6.7) for

dimV = 4, so we may assume r ≥ 3. For j ∈ J we have nj ≤ 1 + 3
2r−3

≤ 2
and πj orthogonal. If we have nj ≤ 1 (hence Ramanujan for πj) for each
j ∈ J , we conclude by (6.8). Otherwise we have r = 3, d = 3, I = J = {j}
and nj = 2. Following Arthur’s definition, a self-dual orthogonal cuspidal π
of GL2 must have a non-trivial, hence quadratic, central character ε, hence
satisfies π ' π⊗ε by the strong multiplicity one theorem. This forces π to be
the automorphic induction from a unitary Hecke character of the quadratic
field defined by ε by [LL79]. A unitary Hecke character, hence π, satisfies
the Ramanujan conjecture, so we conclude in the case dimV = 6 as well.
– Case d = dimV − 2 = 2r − 2. We have nj ≤ 1 + 1

r−1
and πj symplectic,

so ni even, for j ∈ J . This forces r = 2, dimV = 4, d = 2, nj = 2 and
I = {j}. But the eigenvalues of c∞(πj) are then ±1/2, so we know that πj is
generated by a classical modular form of weight 2, hence satisfies Ramanujan
by Eichler-Shimura: we conclude by (6.8).
– In the remaining case d = 2r−1 = dimV −1, we must have J = {j}, nj =

1, I = {i, j} with i 6= j, and ni = 1. So πi and πj are two Hecke characters
χi and χj of A×, with χ2

i = χ2
j = 1. We recognize again c(f)p = ±∆, with

∆ defined as in Lemma 4.8, and that lemma and Lemma 3.4 imply similarly
as above that f is a linear combination of elements of Σ(K). �

We now give a second proof of Theorem 6.3 which does not rely on Theo-
rem 6.4 or [Art13], but rather on [Oh02].

Proposition 6.5. Let Vp be a non-degenerate quadratic space over Qp of
dimension ≥ 5, Lp a unimodular Zp-lattice in Vp with q(Lp) ⊂ Zp, U a
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unitary irreducible unramified C[O(Vp)]-module, and λ ∈ C the eigenvalue of
Tp on the line UO(Lp). If dimU > 1 then we have |λ| ≤ |CLp(Z/p)| 1

p
( 2p
p+1

)2.

Proof. Write UO(Lp) = Ce with 〈e, e〉 = 1. Write C = O(Lp) cO(Lp) the
double coset of elements g ∈ O(Vp) such that g(Lp) is a p-neighbor of Lp. We
have 〈ge, e〉 = 〈ce, e〉 for all g ∈ C, so λ = |CLp(Z/p)| 〈ce, e〉 for all c ∈ C.
We will apply Thm. 1.1. of [Oh02] to the restriction of U to G := SO(Vp).
Note that the subgroup ofG+ ⊂ G defined loc. cit. (generated by unipotents)
is normal in O(Vp). As Vp is isotropic, [Tam58, Lemma 12] shows that G+

is the commutator subgroup of O(Vp), i.e. the kernel of the spinor norm on
G by Lemma 3.2, so O(Vp)/G

+ is a finite abelian group. As U is irreducible
of dimension > 1, this shows that U has no nonzero G+-invariant. Note
also that G is semisimple, quasi-simple, and of Qp-rank ≥ 2, since we have
dimVp ≥ 5 and Vp contains the unimodular Zp-lattice Lp. Also, SOLp is
reductive over Zp, so K := SO(Lp) is a hyperspecial compact subgroup of G
in the sense of Bruhat-Tits.
Assume first we are in the split case: dimVp = 2r+ 1 is odd, or dimVp = 2r
is even and (−1)r detVp is a square in Q×p . We may write Lp =

⊕r
i=1(Zpei⊕

Zpfi) ⊥ L0 with ei.ej = fi.fj = 0, ei.fj = δi,j and rkZpL0 ≤ 1. The sub-
group scheme A of SOLp preserving each Zpei, Zpfj, and acting trivially
on L0, is a split maximal Zp-torus, and the sub-group scheme B preserving
each

∑
j≤i Zpei is a Borel subgroup. Denote by X∗ and X∗ respectively the

character and cocharacter groups of A. The root system of A is reduced of
type Br and Dr respectively, and if εi ∈ X∗ denotes the character of A on
Zpei, it is given in Planches II and IV of [Bou81b].
In the remaining case we have dimVp = 2r + 2 even and (−1)r+1 detVp
is not a square in Q×p . We may still define ei, fj, L0, A, B, εi and ε∗i as
above, the only difference being that L0 is anisotropic of rank 2 over Zp, so
that A is not anymore a maximal torus (but still a maximal split torus).
The root system of A is reduced of type Cr as already seen during the proof
of Lemma 4.7, and is given in Planche III of [Bou81b]. If A+ denotes the
subgroup of a ∈ A(Qp) such that |α(a)| ≤ 1 for all positive roots α relative
to B, then we have G = KA+K in all cases [Sat63, §9].
In all cases let ε∗i ∈ X∗ denote the dual basis of εi with respect to the natural
pairing between X∗ and X∗. By Formula (4.3), ε∗1(p) belongs to the double
coset C introduced in the first paragraph above. The set S = {ε1−ε2, ε1+ε2}
(note r ≥ 2) is a strongly orthogonal system of positive (non multipliable)
roots in the sense of [Oh02], since 2εi is not a root. For both α ∈ S we have
α(ε∗1(p)) = p. Since we have C[K]e = Ce, as well as Ξ(p) = 1√

p
2p
p+1

where Ξ
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is the Harish-Chandra function of PGL2(Qp) recalled on p. 134 of [Oh02],
Theorem 1.1 of [Oh02] reads 〈ε∗1(p)e, e〉 ≤ 1

p
( 2p
p+1

)2, and we are done. �

Remark 6.6. (same assumptions) If s ⊂ ÔVp denotes the Satake parameter
of U , Proposition 6.5 asserts |Trace St(s)| ≤ p−

dimVp
2 |CLp(Z/p)| ( 2p

p+1
)2 by

Lemma 4.7.

Proof. (Second proof of Theorem 6.3) Let π ⊂ A(OV ) be an irreducible
OV (A)-submodule with π∞ ' 1 and πK 6= 0. Assume π is orthogonal to all
σ ∈ Σ(K). For each p in S then πp is not one-dimensional. Indeed, otherwise
the whole of π would be one-dimensional by Lemma 3.4 (strong approxima-
tion) and Lemma 3.2, hence generated by some σ ∈ Σ(K), a contradiction.
As the OV (A)-module A(OV ) is unitary (Petersson inner product), so are π
and the πp. Theorem 6.3 follows thus from Proposition 6.5 for dimV ≥ 5.
We treat the cases 3 ≤ dimV ≤ 4 directly as follows. In both cases we first
choose an irreducible constituent π′ ⊂ A(SOV ) of res π as explained in the
proof of Theorem 6.4. Note that π′p is not 1-dimensional for p /∈ S, otherwise
πp would be 1-dimensional as well, as the commutator subgroups of SO(Vp)
and O(Vp) both coincide with the kernel of the spinor norm on SO(Vp).
Assume now dimV = 3. We may find a definite quaternion Q-algebra D
such that the algebraic Q-group SOV is isomorphic to the quotient of D× by
its center Gm (see e.g. p.73 [Knu88, Chap. 8]). Then π′ may be viewed as
an automorphic representation of D× with trivial central character. Recall π′
is not one-dimensional and satisfies π′∞ ' 1. By the Jacquet-Langlands cor-
respondence [JL70], π′ corresponds thus to a cuspidal automorphic represen-
tation $ of GL2 over Q generated by a holomorphic modular form of weight
2. So the Ramanujan conjecture holds for $ (Eichler, Shimura, Weil), hence
for π′, and thus π, as well. For p /∈ S, the eigenvalue of p−1/2 Tp on π

O(Lp)
p is

thus of norm ≤ 2 (Lemma 4.7), and we conclude as |CLp(Z/p)| = 1 + p.
Assume finally dimV = 4. It will be convenient to first choose an irreducible
automorphic representation π′′ of the proper similitude algebraic Q-group
GSOV such that π′ is isomorphic to a constituent of the restriction of π′′ to
SOV (A): this is possible by [Pat19, Prop. 3.1.4] or [Che18, Prop. 1]. Since
we have GSOV (R) = R>0 · SOV (R), we may assume up to twisting π′′ if
necessary that the central character χ of π′′ satisfies (χ∞)|R>0 = 1. We have
then χ∞ = 1 and π′′∞ ' 1 since π′∞ ' 1. There are two possibilities (see e.g.
[Knu88, Chap. 9, Thm. 12]):
(Case a) detV is not a square in Q×. If F denotes the real quadratic
field Q(

√
detV ), then we may find a totally definite quaternion F -algebra
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D such that the algebraic Q-group GSOV is isomorphic to the quotient of
ResD××Gm by its centralQ-torus ResGm embedded as {(x, n(x))}. Here we
view D× as an algebraic group over F , Res denotes the Weil restriction from
F to Q, and n denotes the norm of the extension F/Q. As a consequence, π′′
may be viewed as an external tensor product χ� ρ where ρ is an irreducible
automorphic representation of D× whose inverse central character is χ ◦ n.
Since π′′ is not 1-dimensional, ρ is not 1-dimensional as well. By the Jacquet-
Langlands correspondence, ρ corresponds thus to a cuspidal automorphic
representation $ of GL2 over F . For the two archimedean places v of F , we
have ρv ' 1 so $v is the lowest weight discrete series of PGL2(R) (and $
is generated by a weight (2, 2) holomorphic Hilbert modular form). Such a
$ is known to satisfy the Ramanujan conjecture: at almost all finite places
v of F , which is all we need, this is due to Brylinski-Labesse [BrL84, Thm.
3.4.6] (and this even holds at all places by a result of Blasius [Bl05]). It
follows that for all big enough primes p, then π′′p , hence π′p and πp, are all
tempered. For such a p /∈ S, the eigenvalue of p−1 Tp on π

O(Lp)
p is thus of

norm ≤ 4 (Lemma 4.7). The asymptotics |CLp(Z/p)| ' p2 not only concludes
the proof of Theorem 6.3 in (Case a), but even shows Corollary 6.7.
(Case b) detV is a square in Q×. Then we may find a definite quaternion
Q-algebra D such that the algebraic Q-group GSOV is isomorphic to the
quotient of D× ×D× by its diagonal center Gm. Then π′′ may be viewed as
an external tensor product π1 � π2, with π1 and π2 two irreducible automor-
phic representations of D× with inverse central characters χ±1, and trivial
archimedean components. Consider again the Jacquet-Langlands correspon-
dent $i of πi. As in the case dimV = 3, each πi is either 1-dimensional
or tempered. As detV is a square, the reduced Langlands dual group of
SOV and GSOV are connected and respectively isomorphic to SO4(C) and
GSpin4(C) ' {(a, b) ∈ GL2(C) × GL2(C) | det a det b = 1}. The morphism
η : GSpin4(C) → SO4(C) dual to the inclusion SOV ⊂ GSOV satisfies
St◦η(a, b) ' a⊗b−1. For each prime p such that πp, π′p and π′′p are unramified,
their respective Satake parameters c(πp), c(π′p) and c(π′′p) are related by

(6.9) St(c(πp)) = St(c(π′p)) = St ◦ η(c(π′′p)) = c($1)p ⊗ c($∨2 )p,

as semisimple conjugacy classes in GL4(C). Indeed, the first equality follows
from Remark 4.6, and the last two from the compatibility of the Satake
isomorphism with surjective morphisms with central kernel [Sat63] (in the
last equality, with isomorphisms). Formula (6.9) is a variant of Formula (6.4)
for π that is equally useful for our purpose. Indeed, if both $i are tempered
then so are π′′p , π′p and πp for p big enough, and we conclude as above by
Lemma 4.7. Otherwise, one of the $i has dimension 1, say $1, and the
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other $2 is tempered (as π′′ is not 1-dimensional). Then $1 has the form
µ ◦ det for some Hecke unitary character µ (since µ∞ = 1), and we have
c($1)p = Ap ⊗ µp(p), and thus St(cp(π)) = Ap ⊗ c(µ⊗$∨2 )p by (6.9), for all
but finitely many primes p, and we conclude by Lemma 4.7. �

In the study of (Case a) above we have proved:

Corollary 6.7. The conclusions of Theorems 6.3 and 5.9 also hold with 1√
p

replaced by 1
p
in the case dimV = 4 and detV is not a square.

7. Unimodular lattices containing a given saturated lattice

The aim of this section is to prove Theorem B of the introduction, and
its generalization Theorem 7.10. We use from now on, and for short, the
terminology lattice for Euclidean integral lattice. If L is a free abelian group
of finite type, and if A ⊂ L is a subgroup, recall that A is said saturated in
L if the quotient group L/A is torsion free. It is equivalent to ask that A is
a direct summand in L, or the equality A = (A⊗Q) ∩ L in L⊗Q.

7.1. The groupoid Gm(A)

Recall that a groupoid G is a category in which all morphisms are isomor-
phisms. We say that G is finite if it has finitely many isomorphism classes
of objects, and if furthermore each objet x has a finite automorphism group
Aut(x) in G. The mass of such a G is defined by massG =

∑
x 1/|Aut(x)|,

where x runs among the finite set of isomorphism classes of objects in G (of
course, we have a group isomorphism Aut(x) ' Aut(y) for x ' y in G).
If X is a set equipped with an action of a group G, we denote by [X/G] the
groupoid G with set of objects X and with HomG(x, y) := {g ∈ G, gx = y}.
This groupoid is finite if and only if X has finitely many G-orbits and finite
stabilizers in G. This holds of course if X and G are finite, in which case the
orbit-stabilizer formula shows

(7.1) mass [X/G] = |X|/|G|.

Fix a lattice A and an integer m. Recall that for any lattice U , emb(A,U)
denotes the set of isometric embeddings e : A → U with e(A) saturated in
U . We define a groupoid Gm(A) as follows. Its objects are the pairs (U, e),
with U a rankm unimodular (integral, Euclidean) lattice and e ∈ emb(A,U),
and an isomorphism (U, e) → (U ′, e′) is an isometry g : U

∼→ U ′ satisfying
g ◦ e = e′. For a given unimodular lattice U of rank m, the set emb(A,U)
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has a natural action of O(U), and we have a natural fully faithful functor
[emb(A,U)/O(U)] → Gm(A), e 7→ (U, e), whose essential image is the full
subcategory of Gm(A) whose objects have the form (U ′, e′) with U ′ ' U . As
a consequence, we have an equivalence

(7.2) Gm(A) '
∐
U

[emb(A,U)/O(U)]

where U runs among representatives of the (finitely many) isomorphism
classes of rank m unimodular lattices U . So Gm(A) is finite and we have
mass [emb(A,U)/O(U)] = |emb(A,U)|/|O(U)| by (7.1). In particular, if we
denote by Geven

m (A) the full subgroupoid of pairs (U, e) with U even, and if
meven
m (A) is as in Theorem B, we have proved:

Lemma 7.2. We have massGeven
m (A) = meven

m (A).

7.3. The groupoid Hm(A) and review of unimodular glueing

We fix A and B two integral lattices in respective Euclidean spaces VA and VB
and set V = VA ⊥ VB. We are interested in the set Glue(A,B) of unimodular
lattices L ⊂ V containing A ⊥ B, and with A is saturated in L. There is a
well-known description of these lattices in [Nik79] that we now recall.
We denote by Isom(−resA, resB) the (possibly empty) set of group isomor-
phisms σ : resA → resB satisfying σ(x).σ(y) = −x.y for all x, y ∈ resB.
For σ ∈ Isom(−resA, resB) we define a subgroup of resA ⊥ resB by

I(σ) := {x+ σ(x) | x ∈ resA}.

We check at once that σ 7→ I(σ) is a bijection between Isom(−resA, resB)
and the set of (bilinear) Lagrangians of resA ⊥ resB which are transversal to
resA. In the case A and B are even lattices, we have q(I(σ)) = 0 if and only
if σ is a quadratic similitude, i.e. satisfies q(σ(x)) = −q(x) for all x ∈ resA.
Let πA,B : A] ⊥ B] → resA ⊥ resB denote the canonical projection, and
define L(σ) = π−1

A,B I(σ) for σ ∈ Isom(−resA, resB). By §2 (iii) we have:

Lemma 7.4. The map σ 7→ L(σ) is a bijection between Isom(−resA, resB)
and Glue(A,B). In this bijection, L(σ) is even if and only if A and B are
even and σ is a quadratic similitude.

That being said, we will now let B vary, so we just fix a lattice A, say with
rank a, as well as an integer m ≥ a. We consider the following groupoid
Hm(A). Its objects are the pairs (B, σ) with B a lattice of rank m − a
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and σ ∈ Isom(−resA, resB), and an isomorphism (B, σ) → (B′, σ′) is an
isometry h : B

∼→ B′ verifying resh ◦ σ = σ′. We have two natural functors

(7.3) G : Hm(A)→ Gm(A) and H : Gm(A)→ Hm(A).

– The functor G sends the object (B, σ) to (L(σ), e), where e is the com-
position of the natural inclusions A ⊂ A ⊥ B ⊂ L(σ), and the morphism
(B, σ)→ (B′, σ′) defined by h : B → B′ to the morphism G(h) := idA × h.
– The functor H sends the object (L, e) to (B, σ) with B = L ∩ e(A)⊥,
so that L ∈ Glue(e(A), B) has the form L(τ) for a unique element τ ∈
Isom(−res e(A), resB), and we set σ = τ ◦ res e. Also, H sends the morphism
(L, e)→ (L′, e′) defined by g : L→ L′ to g|B : B → B′, with B′ = L ∩ e(A)⊥.
It is straightforward to check that G and H are well-defined functors and
that we have H ◦G = idHm(A) and G ◦H ' idGm(A):

Lemma 7.5. The functors G and H are inverse equivalences of groupoids.

We say that two objects (B, σ) and (B′, σ′) inHm(A) have the same parity, if
the lattices B and B′ have the same parity and, in the case they are both even,
if furthermore the isomorphism σ′ ◦ σ−1 : resB

∼→ resB′ is an isomorphism
of quadratic spaces (by definition, it is an isomorphism of bilinear spaces).
For any isometry g : B → B′ with B and B′ even, the isomorphism res g
is a quadratic isometry, so two isomorphic objects of Hm(A) have the same
parity. The following lemma follows from Lemma 7.4.

Lemma 7.6. Let (B, σ) and (B′, σ′) be in Hm(A) and set G(B, σ) = (U, e)
and G(B′, σ′) = (U ′, e′). If (B, σ) and (B′, σ′) have the same parity, then U
and U ′ have the same parity. Conversely, if U and U ′ are even, then (B, σ)
and (B′, σ′) have the same parity.

Remark 7.7. In the case U and U ′ above are both odd, B and B′ may
have a different parity. For instance, if In denotes the standard unimodular
lattice Zn, we may take A = I1, B = I8 and for B′ the E8 lattice. Also,
assuming B and B′ are both even, (B, σ) and (B′, σ) may have a different
parity. For instance, if we set A = B = B′ all equal to the root lattice D8

then the isometry group of the quadratic space resB ' −resB is Z/2, and
that of the underlying symmetric bilinear space is SL2(Z/2) ' S3. There are
thus 4 elements σ ∈ Isom(−resB, resB) with q ◦ σ 6= −q, and two distinct
O(B)-orbits of such elements.
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7.8. Main statement

We can now state a version of Theorem B that applies to odd lattices as well.
Let L be a unimodular lattice of rank m and A ⊂ L a subgroup. Denote by
Asat = L∩ (A⊗Q) the saturation of A in L. Then |Asat/A| divides detA. It
follows that for a prime p - detA, and N a p-neighbor of L, we have N ⊃ A
if and only if N ⊃ Asat. As the prime p will soon go to infinity, we may and
do assume that A = Asat is saturated in L.
We denote by B the orthogonal complement of A in L. As A is saturated
in the unimodular lattice L, we have detB = detA and this integer is also
the index of A ⊥ B in L (see §7.3). We have thus

(7.4) L⊗ Z/p = A⊗ Z/p ⊥ B ⊗ Z/p for p - detA,

and an inclusion CB(Z/pZ) ⊂ CL(Z/pZ), since B is saturated in L. Recall
NA
p (L) denotes the set of p-neighbors of L containing A.

Lemma 7.9. For an odd prime p not dividing detA, the line map (1.2)
induces a bijection NA

p (L)
∼→ CB(Z/p).

Proof. Let N be a p-neighbor of L and set M = N ∩ L. We obviously
have N ⊃ A if and only if M ⊃ A. But we have M = {v ∈ L | , `(N).v ≡
0 mod p}, soM ⊃ A if and only if `(N) ∈ (A⊗Z/p)⊥. We conclude by (7.4).
�

We have a tautological embedding eL : A → L given by natural inclusion.
For any N ∈ NA

p (L), we also have a tautological embedding eN : A → N ,
again given by the natural inclusion. We even have eN(A) = A saturated in
N whenever p - detA. As we shall soon see (Lemma 7.15), (N, eN) always
has the same parity as (L, eL). For any (L′, e′) in Gm(A) of same parity
as (L, eL) we are thus interested in the number NA

p (L,L′, e′) of p-neighbors
N ∈ NA

p (L) such that (N, eN) is isomorphic to (L′, e′) in Gm(A).
For C = Gm(A) or Hm(A), and for an object τ of C, we denote by Cτ the
full subgroupoid of C whose objects have the same parity as τ .

Theorem 7.10. Let L be a unimodular lattice of rank m, A a saturated
subgroup of L, and set B = L ∩ A⊥. Assume rankB ≥ 3 and that the
inertial genus of B is a single spinor genus. For any (L′, e′) in Gm(A) of
same parity as τ := (L, eL), and for p→∞, we have

(7.5)
NA
p (L,L′, e′)

|CB(Z/p)|
=

1/|Aut(L′, e′)|
mass Gτm(A)

+ O(
1
√
p

),

and we can replace the 1√
p
above by 1

p
in the case dimB ≥ 5.
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It remains to explain the condition on the “inertial genus” of B. Consider
the quadratic space V = B⊗Q over Q and define a compact open subgroup
K ⊂ OV (A) by K =

∏
pKp and Kp = I(Bp) = ker (O(Bp) → O(resBp))

(see 2 §(iv)). We call Gen(K) the inertial genus of B. The assumption on
Gen(K) in Theorem 7.10 is |Σ(K)| = 1. Recall g(X) denotes the minimal
number of generators of the finite abelian group X.

Lemma 7.11. Let C be an integral Zp-lattice of rank r in a non-degenerate
quadratic space over Qp, and set g = g(resC). Assume g ≤ r − 2 if p is odd
or if p = 2 and C is even, and g ≤ r − 3 otherwise. Then sn(I(C) ∩ SO(C))
contains the image of Z×p in Q×p /Q×,2p , and we have det I(C) = {±1}.

Proof. We may write C = U ⊥ U ′ for some integral Zp-submodules U and U ′
satisfying detU ∈ Z×p and U ′.U ′ ⊂ pZp (use e.g. [Nik79, Prop. 1.8.1]). We
have thus resU = 0, resC = resU ′, rankU ′ = g and rankU = r−g ≥ 2. The
subgroup O(U)× 1 ⊂ O(C) acts trivially on resC. As we have rankU ≥ 1,
this proves det I(C) ⊃ det O(U) = {±1}. To conclude, it is enough to show
Z×p Q×,2p ⊂ sn(SO(U)). If p is odd, or if p = 2 and U has a rank 2 even
(unimodular) summand, Lemma 3.3 implies q(U) ⊃ Z×p , and we are done.
In the remaining case, we have p = 2 and U ' 〈a〉 ⊥ 〈b〉 ⊥ 〈c〉 ⊥ D with
a, b, c ∈ {±1,±3}. A straightforward computation shows then UU = Z×2
where U = {x.x |x ∈ U} ∩ Z×2 , and we are done again. �

Corollary 7.12. Let L be a unimodular lattice of rank m, A a saturated
subgroup of L and set B = L ∩ A⊥. Assume either B is even and rankA +
g(resA) ≤ m − 2, or B is odd and rankA + g(resA) ≤ m − 3. Then the
inertial genus of B is a single spinor genus and rankB ≥ 3.

Proof. We have a group isomorphism resA ' resB by Lemma 7.4. The
assertion |Σ(K)| = 1 follows then from Lemma 7.11 and the second assertion
of Lemma 3.7, using K ′p = Kp for all p (and T = ∅). The trivial inequality
g(resB) ≥ 0 shows rankB ≥ 3, or B is even, rankB = 2 and resB = 0. But
there is no even unimodular lattice of rank 2. �

Proof. (Theorem 7.10 implies Theorem B) As L is even, we have Gτm(A) =
Geven
m (A) by Lemma 7.6. The mass of this groupoid is meven

n (A) (Lemma 7.2).
We conclude by Corollary 7.12 and Formulas 7.1 & 7.2. �
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7.13. Proof of Theorem 7.10

Fix L, A, B as in the statement, and set W = B ⊗ Q and K =
∏

pKp

with Kp = I(Bp) as above. We have H(L, eL) = (B, σ) for a unique σ ∈
Isom(−resA, resB).
For g ∈ OW (Af ), we have a lattice g(B) ∈ GenQ(B) (see Example §5.2), as
well as an element σg ∈ Isom(−resA, res g(B)) defined by σg = res g ◦ σ.
The meaning of res g here uses the canonical decomposition of resB as an
orthogonal sum of all the resBp (see §2 (iv)). The pair (g(B), σg) only
depends on gK ∈ Gen(K) by definition ofK, and defines an object inHm(A).
We have σg ◦ σ−1 = res g : resB → res g(B) so (g(B), σg) has the same type
as (B, σ). Also, any γ ∈ O(W ) trivially induces for all g ∈ OW (Af ) a unique
morphism (g(B), σg)→ (γg(B), σγg). We have thus defined a functor

(7.6) Φ : [Gen(K)/O(W )]→ Hτ
m(A), with τ := (B, σ).

Lemma 7.14. The functor (7.6) is an equivalence of groupoids.

Proof. The full faithfulness of Φ is trivial, so we focus on its essential
surjectivity. Fix an object (B′, σ′) in Hτ

m(A). By definition, the positive
definite lattices B and B′ have the same parity, the same determinant |resA|,
isometric bilinear residues (and even isometric quadratic residues if they are
even, by the parity condition). By [Nik79, Cor. 1.16.3], this implies that
they are in the same genus. By Hasse-Minkowski, we may thus assume
B′ ⊂ W = B ⊗Q, and then B′ = g(B) for some g ∈ OW (A). It is enough to
show that up to replacing g by gk for some k in the stabilizer

∏
p O(Lp) of B

in OW (A), we may achieve σg = σ′. As σgk◦σ−1 = res g◦res k, we conclude by
Theorems 1.9.5 and 1.16.4 in [Nik79]: the morphism res : O(Bp)→ O(resBp)
is surjective for p odd or for p = 2 and B2 odd, and its image is the whole
subgroup of quadratic isometries for p = 2 and B2 even. �

As we have just seen, Gen(K) is naturally identified with the set of all
(B′, σ′) with B′ ⊂ W in the genus of B, and (B′, σ′) an object in Hτ

m(A).
Let S be the set of odd primes not dividing detA = detB. For p /∈ S, and
according to this identification and Definition 5.8, the p-neighbors of (B, σ)
are the (B′, σ′) where B′ is a p-neighbor of B and σ′ is the composition of σ
and of the natural (“identity”) isomorphism resB

∼→ resB′ deduced from the
equality B′[1/p] = B[1/p]. In particular, σ′ is uniquely determined by B′,
which in turn is uniquely determined by its line l := `(B′) in CB(Z/p). We
may thus write B(l) the lattice B′, and σ(l) the isometry σ′. On the other
hand, the set CB(Z/p) is also the orthogonal of A⊗Z/p in CL(Z/p) by (7.4),
and it parameterizes the p-neighbors of L containing A. We denote by L(l)

36



this p-neighbor of L defined by l. Theorem 7.10 follows then from Theorem
5.9 applied to W and K, Lemmas 7.5 & 7.14, and Lemma 7.15 below.

Lemma 7.15. Let p be an odd prime not dividing detA. For any l in
CB(Z/p) we have H(L(l), eL(l)) = (B(l), σ(l)).

Proof. Recall we have H(L, eL) = (B, σ). Choose g ∈ OW (Af ) with
gB = B(l) and gq = 1 for q 6= p; by definition we have res g ◦ σ = σ(l).
Set V = L ⊗ Q and define h ∈ OV (Af ) by h = idA⊗Af ⊥ g. We have
hL ⊃ A. We claim hL = L(l). Indeed, L(l) is the unique unimodular
lattice 6= L with L(l)[1/p] = L[1/p] and L(l)p ⊃ Mp(Lp, l). But we clearly
have (hL)[1/p] = L[1/p], and using Lp = Ap ⊥ Bp and Mp(Lp, l) = Ap ⊥
Mp(Bp, l), we deduce (hL)p = Ap ⊥ B(l)p, so hL 6= L and (hL)p ⊃ Mp(Lp, l),
which proves the claim. Define now σ′ by H(L(l), eL(l)) = (B(l), σ′). We
have I(σ′) = L(l)/(A ⊥ B(l)) = hL/(A ⊥ gB) = I(res g ◦ σ), and thus
σ′ = res g ◦ σ = σ(l). �

Appendix A: Arthur parameters for automorphic representations
of orthogonal groups

Olivier Taïbi

We explain how to deduce Theorem A.1 below from Arthur’s results in
[Art13] using the stabilization of the trace formula. The proof is a piece of
the argument in [Taï19], save for Proposition A.3 (see Remark A.4), so we
will omit a few details. We borrow some notations and definitions introduced
in §2 and §3.
Let (V, q) be a quadratic space over Q. Assume that V∞ is definite. Let G =

SOV be the associated special orthogonal group, considered as an algebraic
group over Q. Let S be a finite set of places of Q containing the Archimedean
place and all the finite places p such that GQp is ramified. Let m ∈ Z≥1 be
the product of all prime numbers in S. There exists a reductive model G of G
over Z[m−1]. Such a model is concretely obtained as follows. We may choose
a Z-lattice L in V such that for any prime number p not in S there exists
n ∈ Z such that the lattice (Lp, p

nq) is unimodular if p > 2 or dimV is even,
or integral with determinant in 2Z×2 if p = 2 and dimV is odd. The subgroup
scheme G ⊂ OL[1/m] defined as the kernel of the determinant for dimV odd,
and as the kernel of the Dickson determinant otherwise, is a reductive model
G of G over Z[m−1] satisfying G(Zp) = SO(Lp) for any p 6∈ S. An irreducible
representation π =

⊗′
v πv of G(A) is said to be unramified away from S, if
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we have πG(Zp)
p 6= 0 for all primes p /∈ S, for some choice of reductive model

G as above.
If dimV is even choose for every place v of Q an element δv of O(Vv)
having determinant −1 and order 2, which belongs to O(Lv) if v does not
belong to S. Let then θv be the involutive automorphism of GQv defined as
conjugation by δv. To treat both cases uniformly we simply let θv be the
identity automorphism of GQv if dimV is odd.
Recall that the Langlands dual group LG is by definition a semi-direct prod-
uct Ĝ o WQ where Ĝ is a connected reductive group over C and WQ is the
Weil group of Q. Also recall that G can be realized as a pure inner form of
a quasi-split group G∗, also realized as a special orthogonal group, and that
we have a canonical identification between LG and LG∗. The automorphisms
θ̂v of Ĝo WQv are induced by the same automorphism θ̂ of LG.
Recall from [Art13, §1.4] that Arthur introduced a set Ψ̃(G∗) of substitutes
for global Arthur-Langlands parameters for G∗, and define Ψ̃(G) = Ψ̃(G∗).
Such a substitute is a formal (unordered) sum

ψ =
⊕
i∈Iψ

ψ⊕`ii ⊕
⊕
j∈Jψ

(
ψ
⊕`j
j ⊕ (ψ∨j )⊕`j

)
.

In this expression each ψi = (πi, di) is a pair where πi is a unitary cuspidal
automorphic representation of a general linear group (considered up to iso-
morphism) and di ≥ 1 is an integer. We think of such a pair as the tensor
product of the putative global Langlands parameter of πi tensored with the
irreducible algebraic representation of SL2 of dimension di, and we simply
denote ψi = πi[di]. For i ∈ Iψ t Jψ we denote ψ∨i = π∨i [di] where π∨i is the
contragredient representation of πi. We have ψ∨i = ψi if and only if i ∈ Iψ,
`i ≥ 1 for all i ∈ Iψ t Jψ, and the factors (ψi)i∈Iψ , (ψj)j∈Jψ and (ψ∨j )j∈Jψ are
all distinct.
To any ψ in Ψ̃(G) Arthur associated an extension Lψ of the Weil group

WQ of Q by a product over i ∈ Iψ t Jψ of symplectic or special orthogonal
groups (for i ∈ Iψ) and general linear groups (for i ∈ Jψ) over C. Fix a
standard representation StdG of LG as in [Taï19, §2.1]. Arthur observed
that we have a natural Ĝ-conjugacy class of parameters ψ̃G : Lψ×SL2 → LG
characterized by its composition with StdG, up to outer automorphism in
the even orthogonal case. A parameter ψ ∈ Ψ̃(G) is called discrete if the
centralizer Sψ of ψ̃G in Ĝ is finite modulo Z(Ĝ)Gal(Q/Q). It is elementary
to check that ψ is discrete if and only if one of the following conditions is
satisfied:
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• the group G is a split special orthogonal group in dimension 2, i.e. G
is isomorphic to GL1, or

• the index set Jψ is empty and for any i ∈ Iψ we have `i = 1.

Denote Ψ̃disc(G) ⊂ Ψ̃(G) the subset of discrete parameters.
For every ψ ∈ Ψ̃(G) and every place v of Q we have, thanks to the local
Langlands correspondance for general linear groups, a parameter WDQv →
Lψ, where WDQv denotes the Weil-Deligne group of Qv, which is well-defined
up to conjugation by Lψ and outer conjugation on the even orthogonal factors
of Lψ. Composing with ψ̃G gives the localization ψv : WDQv × SL2 → LG

of ψ at v, again uniquely determined up to conjugation by Ĝ o {1, θ̂}. In
particular for v = ∞ we associate to ψ ∈ Ψ̃(G) an “infinitesimal character”
ν̃(ψ) which is a {1, θ̂}-orbit of Ĝ-conjugacy classes of semisimple elements
in the Lie algebra of Ĝ, again determined by its image under the standard
representation. Similarly, for any prime number p such that ψ is unramified
at p the group GQp is an inner form of an unramified group and we have an
associated {1, θ̂}-orbit cp(ψ) of Ĝ-conjugacy classes of semisimple elements
in Ĝo Frobp.

Theorem A.1. As above let G be a special orthogonal group over Q such
that G(R) is compact. Let S be a finite set of places of Q containing the
Archimedean place and such that for any prime number p 6∈ S the group GQp
is unramified, and let π =

⊗′
v πv be an automorphic representation of G(A)

which is unramified away from S. There exists ψ ∈ Ψ̃disc(G) such that the
following two conditions are satisfied.

• The infinitesimal character of π∞ belongs to ν̃(ψ).

• For any prime number p 6∈ S the Satake parameter of πp belongs to
cp(ψ).

The rest of this appendix is devoted to the proof of this theorem. For p 6∈ S
endow G(Qp) with the Haar measure giving G(Zp) volume 1. Let HS

unr(G)
be the unramified Hecke algebra (with complex coefficients) for the group G
at the finite places not in S. It is naturally a restricted tensor product, over
these places p, of the unramified Hecke algebras H(G(Qp), G(Zp)), which can
be identified with the algebras H′Vp ⊗C of §4. Let H̃S

unr(G) be the subalgebra
consisting of functions invariant under θp for any prime p 6∈ S. It is also a
restricted tensor product, over these places p, of the algebras

H̃(G(Qp), G(Zp)) := H(G(Qp), G(Zp))θp ,
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which can be identified with the algebras HVp⊗C of §4. For v ∈ S fix a Haar
measure on G(Qv) and let H(G(Qv)) be the convolution algebra of smooth
compactly supported functions on G(Qv) which are moreover bi-G(R)-finite
in the Archimedean case. Let HS(G) =

⊗
v∈S H(G(Qv)). Let H̃S(G) be the

subalgebra of functions invariant under θv for any v ∈ S. It is also the tensor
product of the subalgebras H̃(G(Qv)) := H(G(Qv))

θv .
Let π =

⊗′
v πv be an automorphic representation for G which is unramified

away from S. In particular π∞ is a continuous irreducible finite-dimensional
representation of G(R). Let ν be its infinitesimal character, seen as a semi-
simple conjugacy class in the Lie algebra of the dual group Ĝ. This conjugacy
class is regular. We will only use the orbit ν̃ = {ν, θ̂∞(ν)} of ν. Let z be the
center of the enveloping algebra of the complex Lie algebra C ⊗R LieG(R).
Let A(G, ν̃) be the space of automorphic forms for G which is the sum of
the eigenspaces for the action of z corresponding to the elements of ν̃. Let
f ∈ HS

unr(G) ⊗ HS(G). We will not lose any generality by assuming that f
decomposes as a product

∏
v fv. The stabilization of the trace formula for G

(due to Arthur in great generality), refined by infinitesimal character, reads

(A.1) tr (f |A(G, ν̃)) =
∑

e=(H,H,s,ξ)

ι(e)
∑
ν′

ξ(ν′)∈ν̃

SHdisc,ν′(f
H)

where the first sum is over equivalence classes of elliptic endoscopic data e
which are unramified away from S (there are only finitely many such equiv-
alence classes), and the second sum is over the set of Ĥ-conjugacy classes ν ′

of semisimple elements of the Lie algebra of Ĥ mapping to an element of ν̃.
The stable linear forms SHdisc,ν′ were defined inductively by Arthur. We do
not need to recall their precise definition as we will use Arthur’s expansion for
these stable linear forms below. To recall how the element fH of the adélic
Hecke algebra ofH is defined we first need to fix an embedding Lξ : LH → LG
extending ξ : Ĥ → Ĝ as recalled in [Taï19, §2.3]. In the cases considered in
this appendix this embedding satisfies a simple compatibility property: the
quasi-split connected reductive group H naturally decomposes as a product
H1 × H2 where each Hi is of the same type as G, and the composition of
Lξ with the standard representation of LG is simply the direct sum of the
standard representations of the LHi. (The order on the factors H1 and H2 is
not uniquely determined, and it can happen for one of the two factors to be
trivial.) In particular this choice of Lξ has a formal analogue

Ξ : Ψ̃(H) −→ Ψ̃(G)

(ψ′1, ψ
′
2) 7−→ ψ′1 ⊕ ψ′2.
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The function fH is only determined through its stable orbital integrals6, and
is defined to be a transfer of f . The notion of transfer is defined unambigu-
ously in this global setting, but to write fH as a product of functions fHv
over all places v of Q we need to fix normalizations of transfer factors at all
places. For any p 6∈ S the embedding Lξ is unramified at p and so there
is a distinguished normalization of transfer factors for the localization of e
at p, which depends on Lξ and on the choice of hyperspecial compact open
subgroup G(Zp) of G(Qp). At these places the function fHp can be taken
to be unramified, i.e. bi-invariant under a hyperspecial compact open sub-
group KH,p of H(Qp). In fact the fundamental lemma says that the map
H(G(Qp), G(Zp)) → H(H(Qp), KH,p) dual (via the Satake isomorphisms for
G and H) to the embedding Lξ realizes transfer. (This holds true for any
choice of hyperspecial subgroup KH,p.) For the purpose of this appendix it is
enough to choose the normalizations of transfer factors at the places in S in
any way which makes the product of the local transfer factors equal to the
canonical global transfer factor. This is possible because S is not empty.
We now make use of Arthur’s expansion for the stable linear forms SHdisc,ν′ .
For this it is crucial to observe a property of transfer factors: as explained in
[Taï19, §3.2.3] if dimV is even then it is evident on Waldspurger’s explicit
formulas that they are invariant under the simultaneous action of θv on G and
of an outer non-inner action on one of the Hi’s 7. As a consequence of this
invariance property, if we assume that f =

∏
v fv belongs to H̃S

unr(G)⊗H̃S(G)
then the stable orbital integrals of each fHv are invariant under the outer
automorphism group of each Hi. From now on we make this assumption on
f . Let Ψ̃(H, ν̃) be the set of ψ′ ∈ Ψ̃(H) such that ν̃(Ξ(ψ′)) = ξ(ν̃(ψ′)) is
equal to ν̃.
Arthur proved a stable multiplicity formula which applies to the inner sum
on the right-hand side of (A.1). By [Art13, Corollary 3.4.2] and the vanish-
ing assertion in Theorem 4.1.2 loc. cit. we have the following expansion for
the inner sum in (A.1):

(A.2)
∑
ν′

ξ(ν′)∈ν̃

SHdisc,ν′(f
H) =

∑
ψ′∈Ψ̃(H,ν̃)

SHdisc,ψ′(f
H).

On the right-hand side only finitely many ψ′ have non-vanishing contribution
([Art13, Lemma 3.3.1], see also §X.5 and XI.6 in [MW16]). Moreover Theo-
rem 4.1.2 loc. cit. provides a formula for each term SHdisc,ψ′(f

H). It turns out

6implicitly a Haar measure on H(A) is fixed here
7For this invariance property the choice of a particular normalization of transfer factors

is irrelevant.
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that a substantial simplification occurs thanks to the fact that ν is regular.
We prove this simplification in two steps.

Lemma A.2. Let G′ be a quasi-split symplectic or special orthogonal group
over a number field F . Let ψ ∈ Ψ̃(G′). Assume that there exists a place v of
F such that the localization ψv : WDFv × SL2 → LG′ is regular, in the sense
that the neutral connected component of its centralizer in Ĝ′ is contained in a
maximal torus. Assume moreover that the factor σ(S

0

ψ) appearing in [Art13,
Theorem 4.1.2] is non-zero. Then the parameter ψ is discrete.

Proof. We may assume that G′ is not a split special orthogonal group in
dimension 2, because in this case every parameter is discrete. Under this
assumption the group Z(Ĝ′)Gal(Q/Q) is finite.
The neutral connected component S0

ψ of the centralizer Sψ of ψ̃G′ in Ĝ′

decomposes naturally as a product of general linear, symplectic and special
orthogonal groups over C (see [Art13, (1.4.8)]). The assumption σ(S

0

ψ) 6= 0

implies that S0

ψ has finite center, hence so does S0
ψ since Z(Ĝ′)Gal(Q/Q) is

finite, and so no general linear group and no special orthogonal in dimension
2 appears in this product decomposition of S0

ψ. The assumption on ψv implies
that S0

ψ is commutative, and so the symplectic and special orthogonal factors
composing S0

ψ are all trivial. This implies that the complex reductive group
Sψ is finite and so ψ is discrete.

Proposition A.3. Let ψ′ = (ψ′1, ψ
′
2) ∈ Ψ̃(H, ν̃) be such that for each i ∈

{1, 2} the factor σ(S
0

ψ′i
) appearing in [Art13, Theorem 4.1.2] does not vanish.

Then the parameter ψ := Ξ(ψ′) ∈ Ψ̃(G, ν̃) is discrete.

Proof. The parameter ψ̃G can be realized as Lξ ◦ ψ̃′H . Thanks to the fact
that ν is regular we know that Sψ is contained in a maximal torus of Ĝ. The
semisimple element s of Ĝ occurring in e belongs to Sψ. In particular Sψ
is contained in ξ(Ĥ) and so it is equal to ξ(Sψ′). Thanks to the previous
lemma applied to each factor of ψ′ we know that Sψ′/Z(Ĥ)Gal(Q/Q) is finite.
By ellipticity of e we also know that

ξ(Z(Ĥ)Gal(Q/Q))/Z(Ĝ)Gal(Q/Q)

is finite. It follows that Sψ/Z(Ĝ)Gal(Q/Q) is finite.

Remark A.4. In [Taï19, §4] this property was deduced from the fact that
the local parameter ψ∞ is discrete because it is Adams-Johnson, which uses
the fact that ν is algebraic regular. The above argument is more global in
nature and seems more robust.
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Let Ψ̃G−disc(H, ν̃) be the set of ψ′ ∈ Ψ̃(H, ν̃) such that Ξ(ψ′) is discrete. We
clearly have Ψ̃G−disc(H, ν̃) ⊂ Ψ̃disc(H, ν̃). Combining (A.1), (A.2), [Art13,
Theorem 4.1.2] and Proposition A.3 we obtain

(A.3) tr (f |A(G, ν̃)) =
∑

e=(H,H,s,ξ)

ι(e)
∑

ψ′∈Ψ̃G−disc(H,ν̃)

mψ′ |Sψ′|−1Λψ′(f
H).

where Λψ′ is the stable linear form that Arthur associates to ψ′, which de-
composes as a product over all places v of Q of stable linear forms Λψ′v . The
precise definition of the positive integers mψ′ and |Sψ′|, defined as product
over the factors Hi, do not matter for the purpose of this appendix. By the
characterization of Λψ′ using twisted endoscopy for general linear groups, us-
ing the twisted fundamental lemma [LW17], [LMW18] and the fundamental
lemma we have

Λψ′(f
H) =

∏
v∈S

Λψ′v(f
H
v )×

∏
p 6∈S

Sat(fv)(
Lξ(c(ψ′v)))

if ψ′ is unramified away from S, and Λψ′(f
H) = 0 otherwise. Here Sat is the

Satake isomorphism between the unramified Hecke algebra H(G(Qp), G(Zp))
and the algebra of algebraic functions on ĜoFrobp which are invariant under
conjugation by Ĝ. As a consequence the stabilization of the trace formula
can be refined by families of Satake parameters as follows. Let x̃S = (x̃p)p 6∈S
be a family of {1, θ̂}-orbits of semisimple Ĝ-conjugacy classes in Ĝo Frobp.
This family corresponds to a character of H̃S

unr(G) (see Remark 4.6). Let

A(G, ν̃, x̃S) ⊂ A(G, ν̃)
∏
p6∈S G(Zp)

be the eigenspace for this character. For any fS =
∏

v∈S fv ∈ H̃S(G) we have

tr
(
fS
∣∣A(G, ν̃, x̃S)

)
(A.4)

=
∑

e=(H,H,s,ξ)

ι(e)
∑

ψ′∈Ψ̃G−disc(H,ν̃,x̃S)

mψ′|Sψ′ |−1
∏
v∈S

Λψ′v(f
H
v ),

where Ψ̃G−disc(H, ν̃, x̃
S) is the set of ψ′ ∈ Ψ̃G−disc(H, ν̃) which are unramified

away from S and such that for any prime number p 6∈ S the orbit cp(Ξ(ψ′)) =
Lξ(cp(ψ

′)) is equal to x̃p. Now for any prime number p 6∈ S take x̃p equal
to the {1, θ̂}-orbit of the Satake parameter of πp. We claim that fS can
be chosen so that the left-hand side of (A.4) is non-zero. We can choose
f∞ ∈ H̃(G(R)) such that for any irreducible continuous (finite-dimensional)
representation σ of G(R) we have

trσ(f∞) =

{
1 if σ ' π∞ or σ ' πθ∞∞ ,

0 otherwise.
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For p a prime number in S take fp ∈ H̃(G(Qp), G(Zp)) to be the character-
istic function of a compact open subgroup Kp of G(Qp) such that we have
θp(Kp) = Kp and π

Kp
p 6= 0. With this choice of fS the left-hand side of (A.4)

is a positive integer. In particular the double sum on the right-hand side
is not empty, i.e. there exists an elliptic endoscopic datum e = (H,H, s, ξ)

for G which is unramified away from S and ψ′ ∈ Ψ̃G−disc(H, ν̃, x̃
S). Letting

ψ := Ξ(ψ′) concludes the proof of Theorem A.1.

Remark A.5. The same argument proves a more general statement: Q could
be replaced by an arbitrary number field F , G could be any inner form of a
quasi-split symplectic or special orthogonal group over F , and π any discrete
automorphic representation of G such that for some Archimedean place v of
F the infinitesimal character of πv is regular (or a similar assumption at a
finite place).
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