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Consider K is a number field.
From previous lecture, we know that OK is a Dedekind domain. If p P Z is a nonzero prime, we

want to see how pOK decomposes in a product of prime ideals of OK .
We propose a few lemmas before proving the main theorem.

Lemma 1. pOK ‰ OK .

Proof. If 1 P pOK then 1 “ p ¨ s for some s P OK X Q “ Z, so p | 1, which is absurd.

Let
pOK “ p e1

1 ¨ ¨ ¨ p eg
g

be the decomposition of pOK into a product of prime ideals of OK . Because this is a property of
Dedekind domains, the pi (for i “ 1, . . . , g) are exactly all prime ideals of OK lying over p.

The integers ei are called the ramification indices, and

fi “ rOK{pi : Fps

is called the inertia degree.

Lemma 2. For any a ě 1,
dimFp

`

p a
i {p a`1

i

˘

“ fi.

Proof. Choose s P p a
i zp a`1

i . Consider the map

OK ÝÑ p a
i {p a`1

i , b ÞÝÑ sb mod p a`1
i .

This map has kernel pi (This map is OK-linear, so its kernel is an ideal of OK . It clearly contains pi,
but not 1 by choice of s. As pi is a maximal ideal, the kernel is pi) and also from

p a`1
i ` psq Ď p a

i

we have p a`1
i ` psq “ p a

i , so this map is surjective.
So

OK{pi – pai {pa`1
i

so
dimFp

ppai {pa`1
i q “ fi.

Our main theorem is:

Theorem 3. If n “ rK : Qs then

n “

g
ÿ

i“1

eifi.
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Proof. We have
pOK “ pe11 ¨ ¨ ¨ pegg .

By the Chinese remainder theorem we have

OK{ppqOK –

g
ź

i“1

OK{peii .

We have
dimFp

`

OK{ppqOK

˘

“ n (1)

from #OK{ppqOK “ pn

(As the underlyng abelian group of OK is free of rank n, we have |OK{pOK | “ pn)
Meanwhile

dimFp

`

OK{peii
˘

“

ei´1
ÿ

a“0

dimFp

`

pai {pa`1
i

˘

“ ei ¨ fi (2)

using Lemma 2.
From (1) and (2) we have

n “

g
ÿ

i“1

eifi.

In fact the theorem also true for L{K is finite extesion of number fields. In this case we consider p
is a prime ideal of OK and pOL factor as product of prime divisor:

pOL “ p e1
1 ¨ ¨ ¨ p eg

g

Put fi “ rOL{pi : O{ps be inertia degree. We still have rL : Ks “
řg

i“1 eifi. We will use this strong
version to prove lemma 8 below. The detailed proof can be see in [?]
We will compute some easy examples and propose a lemma that let us know easier about the decom-
position in case

OK “ Zrαs pα P OKq (monogeneous).

Example: K “ Qp
?
dq with d a square-free integer. Then

OK “

$

’

’

&

’

’

%

Zr
?
ds if d ı 1 pmod 4q,

Z

«

1 `
?
d

2

ff

if d ” 1 pmod 4q.

If α is an algebraic integer such that OK “ Zrαs then let Πα denote the minimal polynomial of
α (take Πα monic). We know Πα P Zrxs and in fact Zrαs – Zrxs{pΠαq (since for every f P Zrxs,
f “ h ¨ Πα ` g for some g P Zrxs, deg g ă degΠα).

In this case we have:

Lemma 4. If OK “ Zrαs and Πα is defined by assumption as above, then if we consider Πα the image
of Πα in Fprxs and

Πα “ P
e1
1 ¨ ¨ ¨P

eg
g

the factorization of Πα in Fprxs into prime factors, then we have

ppqOK “ pe11 ¨ ¨ ¨ pegg ,

where pi “ ppqOK ` PipαqOK are different prime ideals above p, and the inertia degree fi of pi is the
degree of P i.

Proof. Omitted.
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In case K{Q is a Galois extension.
Denote G “ GalpK{Qq. Then σpOKq “ OK for all σ P G (since σ preserves coefficients of

polynomials).
For pi Ă OK a prime ideal, σ induces an isomorphism between

OK{pi
–

ÝÝÑ OK{σppiq.

From this we have σppiq is also a prime ideal of OK .
Since σppq “ p for a prime p P Z, p ą 0,

σppqOK “ pOK .

So S “ tpi Ă OK | pi prime ideal, p P piu is G-stable. Since p P pi then p P σppiq, so σppiq is a prime
ideal lying above p.

Our theorem is:

Theorem 5. G acts transitively in S.

Proof. If pi ‰ pj are two prime ideals above p, suppose σppiq ‰ pj for any σ P G.
By Chinese remainder theorem, there exists x P OK such that

x ” 0 pmod pjq, x ” 1 pmod σppiqq @σ P G.

Then
NK{Qpxq “

ź

σPG

σpxq P pj X Z “ ppq,

on the other hand x R σppiq for all σ P G, so

σpxq R pi @σ P G

and hence
ź

σPG

σpxq R pi X Z “ ppq,

a contradiction.

From theorem 5 we deduce:

Corollary 6. If K{Q is a Galois extension then

e1 “ ¨ ¨ ¨ “ eg “ e, f1 “ ¨ ¨ ¨ “ fg “ f,

and efg “ n (where n “ rK : Qs).

Proof. It follows from the isomorphisms

OK{pi – OK{σppiq

so fi “ f for all i, and from properties of Dedekind domains, so ei “ e for all i.

Moreover, Theorem 5 and Corollary 6 are also true for L{K is finite Galois extension of number
fields and we will use this general form in proof of lemme 8.

Definition 7. If p is a nonzero prime ideal of OK then the subgroup

Gp “ tσ P G | σppq “ pu

is called the decomposition group of p over Q. The fixed field

Zp “ tx P K | σx “ x @σ P Gpu

is called the decomposition field of p over K.
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Corollary 6 means that the decomposition of ppq in OK has the following form in the Galois case:

ppqOK “

´

ź

σ

σp1

¯e

where σ varies over a system of representatives of G{Gp1 . We have lemma 8:

Lemma 8. Let p1,Z “ p1 X Zp1
be a prime ideal of Zp1

below p1. Then we have:

(i) p1,Z has only one prime lying above it, namely p1.

(ii) p1 over p1,Z has ramification index e and inertia degree f .

(iii) The ramification index and inertia degree of p1,Z over Q are both equal to 1.

Proof. (i) GalpK{Zp1
q “ Gp1

, so from Lemma 5, p1 is the only prime lying above p1.
(ii) #Gp1

“ rK : Zp1
s “ ef . Let e1 and e2 be the ramification indices of p1 over Zp1

and p1,Z over
Q

pZp1 “ pe
2

1,Z ... and p1,Z “ pe
1

1 .

Then e “ e1e2. Similarly, f “ f 1f2.
Theorem 3 implies

rK : Zp1s “ e1f 1,

so e1f 1 “ ef and hence e2 “ f2 “ 1.
(iii) Therefore the ramification index and inertia degree of p1,Z over Q are both equal to 1.
Since σpOKq “ OK and σpp1q “ p1 for all σ P Gp1 , σ induces an automorphism

OK{p1 Ñ OK{p1, a mod p1 ÞÑ σpaq mod p1.

Put kpp1q “ OK{p1, kppq “ Fp.
We have:

Lemma 9. The canonical map
Gp1

ÝÑ Gal
`

kpp1q{Fp

˘

is surjective.

Proof. The inertia degree of p1,Z over Q is 1 (Lemma 8). Zp1
and Q have the same residue class field

with respect to p.
Assume Zp1 “ Q, Gp1 “ G. Let θ be a primitive element for kpp1q{kppq. Let σ P Gal

`

kpp1q{kppq
˘

.

Write θ P OK a representative of θ over Q, and let fpxq, gpxq be the minimal polynomials of θ over
Q and of θ over Fp respectively. Then gpxq divides fpxq, so σ θ is a root of fpxq. Using K{Q is Galois,
so f split completely in Q. So there exists θ1 a zero of fpxq such that

θ
1

“ σ θ pmod p1q.

Then θ1 “ σpθq for some σ P GalpK{Qq (if K{Q is Galois then G is transitive on the set of roots as
above).

So σ maps to σ.

Definition 10. Let ker Ip1
Ă Gp1

be the kernel of the homomorphism

Gp1 ÝÑ Gal
`

kpp1q{Fp

˘

.

Then Ip1 is called the inertia group of p1 over Q.
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We have #Ip1 “ e. In fact, in almost all p P Z (those p which do not divide discpKq) the prime p
is unramified over Q (i.e. e “ 1).

So in the case p unramified,
Gp1

– Gal
`

kpp1q{Fp

˘

a cyclic group generated by a Frobenius element.
There exists a unique φp1 P GalpK{Qq such that

φp1paq ” aN pmod p1q for all a P OK ,

where N “ rkpp1q : Fps.
Gp1

is cyclic in this case and φp1
is generated by p1.

In the next part, we will discuss the Chebotarev density theorem and its relation with Dirichlet’s
theorem for primes in arithmetic progression.

Before stating the Chebotarev theorem, we have the following notation.

Definition 11. Let M be a set of prime ideals of OK . The limit

dpMq “ lim
sÑ1`

ÿ

pPM

Nppq´s

ÿ

p

Nppq´s
,

if it exists, is called the Dirichlet density of M .

For σ P GalpK{Qq

Consider the set PK{Qpσq of all unramified prime ideals p of Q such that there exists p1 P OK with
p | p1 satisfying

σ “

ˆ

K{Q
p1

˙

,

the Frobenius automorphism φp1
of p1 over Q.

This set depends only on the conjugacy class

xσy “ tτστ´1 | τ P GalpK{Qqu.

Theorem 12 (Chebotarev). Let K{Q be a Galois extension with group G. For every σ P G, PK{Qpxσyq

has a density

d
`

PK{Qpxσyq
˘

“
#xσy

#G
.

Using this theorem, we can deduce Dirichlet’s theorem.
Consider n ą 1, n P Z. Let ε “ e2πi{n be an n-th primitive root of unity.
We know that k “ Qpεq{Q is a Galois extension with Galois group pZ{nZqˆ – G via

pZ{nZqˆ δ
ÝÝÑ G, δ : m ÞÝÑ pε ÞÑ εmq, pm,nq “ 1.

Since the group G is abelian, for pa, nq “ 1

d
`

PK{Qpfpaqq
˘

“
1

φpnq
.

Recall that OK “ Zrεs and p is unramified in K if and only if p ∤ n (using Lemma 9). We can
also prove that almost except finite p belong to PK{Qpfpaqq is p ” apmodnq. From this aspect, we can
prove the following theorem.

Theorem 13 (Dirichlet). If pa, nq “ 1 then the arithmetic progression

a ` nb, b “ 1, 2, . . .

contains infinitely many prime numbers. The Dirichlet density of these primes is 1{φpnq
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